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An alternative perspective on dimensionality reduction is offered
by Multidimensional scaling (MDS).

MDS is another classical approach that maps the original high
dimensional space to a lower dimensional space in a linear
fashion.

It is similar in spirit to PCA but it takes a dissimilarity as input.

A distance matrix cannot be analyzed directly using the eigen-
decomposition but it can be transformed into an equivalent
cross-product matrix which can then be analyzed.
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Suppose that we have two vectors with m elements, the Euclidean
distance between these two vectors is computed as
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This distance can be rewritten in an isolated form:

If the data are stored into an nm data matrix X (n observations
are described by m variables)
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Finally, the cross-product matrix is obtained from matrix D as:

Double-centering
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The eigen-decomposition of this matrix gives:
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As far as Euclidean distance is concerned, MDS and PCA produce
the same results.
The distances in MDS need not be based on Euclidean distances
and can represent many types of dissimilarities between objects.

Steps of MDS:
1. Obtain dissimilarities
2. Compute the kernel matrix using double-centering
3. Apply eigen decomposition on centered kernel 
4. Project data on first n eigen-vectors
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Non-metric Multdimensional Scaling
• A numerical technique that iteratively seeks a solution 

• can fail to find the true best solution
• It stops when an acceptable solution has been found
• few assumptions about the nature of the data
• Slow, particularly for large data sets
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Classical multidimensional scaling

Y = cmdscale(D)
[Y,e] = cmdscale(D)

• Takes an n-by-n distance matrix D, and returns an n-by-p 
configuration matrix Y. Rows of Y are the coordinates of n 
points in p-dimensional space for some p < n. 

Pairwise distance between pairs of objects

D = pdist(X)
D = pdist(X,distance)

• Computes the distance between objects in the data matrix, 
X,using the method specified by distance.

• Z = squareform(y)



• “A manifold is a topological space which is 
locally Euclidean.”

• In general, any object which is nearly "flat" on 
small scales is a manifold. 

• Euclidean space is a simplest example of a 
manifold.

• Manifolds arise naturally whenever there is a 
smooth variation of parameters [like pose of 
the face in following example]

Concept of Manifolds
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Face image dataset

Character recognition

Motion capture

Microarray gene expression

• Our main goal is to discover the underlying structure of the data given the
high dimensional observations. 

• Real world datasets are highly nonlinear.
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ISOMAP is one of the most widely used nonlinear dimensionality
reduction algorithms in recent years and can effectively characterize
the global geometric structure of data and deal with the nonlinear
relationships of data points based on the manifold theory.

The key of ISOMAP is to determine the geodesic distance between
data points.

Euclidean 
distance

Geodesic
distance
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Neighborhood graph G

 Defining the neighboring points with k-nearest neighbors (or
within a certain Euclidean distance around each point), the
topological relationship can be well defined.

 Connect the neighboring points and set the edge length with
corresponding Euclidean distance, a weighted graph can be
constructed as neighborhood graph G.

Original dataset
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Compute the geodesic distance for
each pair of points. Given two points
Pi and Pj, the geodesic distance
dG(Pi,Pj) is computed as the shortest
path on graph G.

Shortest path on graph can be
obtained using Dijkstra algorithm

Add the edge length on the shortest
path to obtain geodesic distance and
complete the geodesic distance
matrix.
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Apply MDS algorithm to DG to obtain the K-
dimensional embedding:
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Isomap is a nonlinear generalization of classical MDS. The main idea is 
to perform MDS in the geodesic space of the nonlinear data manifold.

geodesic distance matrix
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The Isomap algorithm proceeds in three steps:
1. Find the neighbors of each data point in high-dimensional data 

space.
2. Compute the geodesic pairwise distances between all points.
3. Embed the data via MDS to preserve these distances.

Advantages:
• Nonlinear
• Non-iterative
• Globally optimal

Disadvantages:
• Graph discreteness overestimates the geodesic distance
• k must be selected with care to avoid “linear shortcuts” near regions of 

high surface curvature
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Conformal Isomap

C-Isomap is similar to Isomap, but the graph weights are
renormalized.
• Suitable when observed effect of parameter variation is not
constant over the manifold.

We replace (normalize) each edge weight in G by

(i) is the mean distance from xi to its k-NN.

The resulting effect is the magnifying regions of high density and
shrink regions of low density.
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conformal fishbowl

MDS

Isomap
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