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Bayesian Decision Theory Introduction

 Bayesian Decision Theory is a fundamental statistical approach
that quantifies the tradeoffs between various decisions using
probabilities and costs that accompany such decisions.

 It makes the assumption that the decision problem is posed in
probabilistic terms and that all of the relevant probability
values are known.

 Design classifiers to recommend actions that minimize some
total expected “risk”.

 The simplest risk is the classification error (i.e., all costs are
equal).



Bayesian Decision Theory Terminology

Suppose that an observer watching fish
arrive along the conveyor belt finds it hard
to predict what type will emerge next and
that the sequence of types of fish appears to
be random. Here the state of nature is a
random variable

State of nature (): Conditions that are
likely to occur and over which the decision
maker has no control.
• e.g., ω1 for sea bass, ω2 for salmon

We let ω denote the state of nature, with ω=ω1 for sea bass and
ω=ω2 for salmon.



Bayesian Decision Theory Terminology

Suppose for a moment that we were forced to make a decision about
the type of fish that will appear next without being allowed to see it.

decision rule:

What is the probability of error for this decision?

Priori probability (priors):
prior probabilities reflect our prior knowledge of how likely we are to
get a sea bass or salmon before the fish actually appears. If we
assume there are no other types of fish relevant here:
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same decision all times!



Bayesian Decision Theory Terminology

Let’s try to improve the decision using the lightness measurement x.

 Let x be a continuous random variable.

 Define p(x|j) as the class-conditional probability density
function (likelihood): the probability of x given that the state of
nature is j

• e.g. how frequently we will measure a pattern with feature value
x given that the pattern belongs to class ωj



 p(x|1) and p(x|2) describe the
difference in lightness between
populations of sea bass and
salmon.

 Suppose further that we measure the lightness of a fish and
discover that its value is x. How does this measurement influence
our attitude concerning the true state of nature that is, the
category of the fish?

Bayesian Decision Theory Terminology



Bayesian Decision Theory Decision rule

P(ωj|x) Conditional probability (posterior):
e.g., the probability that the fish belongs to class ωj given
measurement feature value x.
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Decide ω1 if P(ω1|x) > P(ω2 |x); otherwise decide ω2

or

Decide ω1 if  p(x|ω1)P(ω1) > p(x|ω2)P(ω2) otherwise decide ω2

Special cases:
1. P(1)=P(2) : Decide 1 if  p(x|1) > p(x|2); otherwise decide 1

2. p(x|1)=p(x|2) : Decide 1 if  P(1) > P(2); otherwise decide 2

posterior
priorlikelihood

Normalizing constant



C
lass 1

C
lass 1

C
lass 2

C
lass 2

                        

P(1)=2/3
P(2)=1/3

Bayesian Decision Theory Decision rule

Decide 1 if  p(x|1)P(1) > p(x|2)P(2); otherwise decide 2



P(1)=1/2
P(2)=1/2

C
lass 2

C
lass 1

Decide 1 if  p(x|1) > p(x|2); otherwise decide 2

Bayesian Decision Theory Decision rule



Bayesian Decision Theory Classification error

To justify this decision procedure, let us calculate the probability of
error whenever we make a decision. Whenever we observe a
particular x: Decide 1 if  P(1|x)  >  P(2|x); otherwise decide 2
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Bayesian Decision Theory A more general theory

• Use more than one features.

• Allow more than two states of nature.

• Allow actions other than classifying the input to one 

of the possible categories (e.g., rejection: refusing to make 

a decision in close cases).

• Employ a more general error function which penalizes 

some errors more than others.

• loss function (i.e., associate “costs” with actions)



Let ω1, ..., ωc be the finite set of c states of nature (“categories”)
and α1, ..., αa be the finite set of a possible actions.

The loss function λ(αi|ωj) describes the cost incurred for taking
action αi when the state of nature is ωj.

Let the feature vector x be a d-component vector-valued random
variable, and let p(x|ωj) be the state conditional probability density
function for x.

Bayesian Decision Theory A more general theory
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Suppose that we observe a particular x and that we contemplate
taking action αi. If the true state of nature is ωj, by definition we
will incur the loss λ(αi|ωj).

Since P(ωj|x) is the probability that the true state of nature is ωj,
the expected loss (Risk) associated with taking action αi is merely

Bayesian Decision Theory A more general theory
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R(αi|x) is called the conditional risk.
Whenever we encounter a particular observation x, we can
minimize our expected loss by selecting the action that minimizes
the conditional risk.



Bayesian Decision Theory Two category classification

• Define

• α1: decide ω1 

• α2: decide ω2 

• λij = λ(αi |ωj)
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1 2

1 11 12

2 21 22
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Decision rule:   Decide ω1 if R(α2|x)>R(α1|x); otherwise decide ω2

In terms of the posterior probabilities, to decide ω1 if:
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Bayesian Decision Theory Two category classification
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positive positive

Posterior probabilities are scaled before comparison.

likelihood ratio 

Ordinarily, the loss incurred for making an error is greater than the 
loss incurred for being correct

Thus the Bayes decision rule can be
interpreted as deciding ω1 if the likelihood
ratio exceeds a threshold value that is
independent of the observation x.

threshold



Bayesian Decision Theory Minimum-Error-Rate Classification

If action αi is taken and the true state of nature is ωj, then the
decision is correct if i=j, and in error if ij. If errors are to be
avoided, it is natural to seek a decision rule that minimizes the
probability of error, i.e., the error rate.

The loss function of interest for this case is hence the so-called
symmetrical or zero-one loss function
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Bayesian Decision Theory Minimum-Error-Rate Classification
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The threshold value θa marked is
from the same prior probabilities
but with zero-one loss function.

If we penalize mistakes in classifying ω2

patterns as ω1 more than the converse
(i.e.,λ12>λ21)

Class 1Class 2 Class 2 Class 1

Class 2 Class 2Class 1 Class 1





Bayesian Decision Theory Minimum-Error-Rate Classification
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