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Problem: Let Ia, Ib, Ic and ra, rb, rc be respectively the excenters and exradii of the triangle

ABC. If ρa, ρb, ρc are the inradii of triangles IaBC, IbCA, and IcAB, show that

ρa

ra

+
ρb

rb

+
ρc

rc

= 1.

Solution 1: For each triangle, we have s = pr, where s, p and r are the area, semiperimeter

and inradius of the triangle respectively. We have sa = 1
2
raa and sa = ρapa, where sa and pa

are the area and semiperimeter of the triangle BCIa. Therefore

ρa

ra

=
a

2pa

. (1)

Since the point Ia is on the exterior angle bisectors of B and C, we get ∠IaBC = π
2
− B

2
,

∠IaCB = π
2
− C

2
and ∠BIaC = π

2
− A

2
. So according to the law of sines for triangle BCIa, we

have

cos B
2

CIa

=
cos C

2

BIa

=
cos A

2

a

(
=

cos A
2

+ cos B
2

+ cos C
2

2pa

)
. (2)

Using (1) and (2), we get

ρa

ra

=
cos A

2

cos A
2

+ cos B
2

+ cos C
2

. (3)

In the same way, we have

ρb

rb

=
cos B

2

cos A
2

+ cos B
2

+ cos C
2

,
ρc

rc

=
cos C

2

cos A
2

+ cos B
2

+ cos C
2

. (4)

Now, the conclusion follows from (3) and (4), and the proof is complete.
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Solution 2: Clearly, we have

ra =
a cos B

2
cos C

2

cos A
2

, ρa =
a sin(π−B

4
) sin(π−C

4
)

cos(π−A
4

)
.

So,
ρa

ra

=
1

2

(
1− tan

(π −B

4

)
tan
(π − C

4

))
,

and similarly for ρb

rb
and ρc

rc
. Now, taking tangent from both sides of the trivial identity π−A

4
+

π−B
4

= π
2
− π−C

4
, we get

T := tan
(π − A

4

)
tan
(π −B

4

)
+ tan

(π − A

4

)
tan
(π − C

4

)
+ tan

(π −B

4

)
tan
(π − C

4

)
= 1.

So,
ρa

ra

+
ρb

rb

+
ρc

rc

=
1

2

(
3− T

)
= 1,

and the proof is complete.
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