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Problem: Let f be a differentiable function from the positive reals to the positive reals

with the property that f(x) < x for all x. Suppose that x1 > 0, and for n > 1 let xn = f(xn−1).

Suppose further that limn→∞ xn = 0 and there exist positive numbers a and k such that

lim
x→0

xa − (f(x))a

xa (f(x))a =
1

ka
.

(a) Prove that limn→∞ n1/axn = k.

(b) Suppose that 0 < x1 < 1, and specialize to the case where f is given by f(x) = sin x if

x < π/2 and f(x) = 1 if x ≥ π/2. Show that limn→∞ xn

√
n =

√
3.

(c) Finally, suppose instead that 0 < x1 < 1 and f(x) = 1 − e−x. Show that, in this case,

limn→∞ nxn = 2.

Solution: (a) Let 0 < ε < 1
ka be arbitrary. There exists a positive integer N , such that for

each n > N, 1
ka − ε < 1

xa
n
− 1

xa
n−1

< 1
ka + ε. So, for each n > N ,

(n−N)

(
1

ka
− ε

)
<

1

xa
n

− 1

xa
N

=
n∑

m=N+1

(
1

xa
m

− 1

xa
m−1

)
< (n−N)

(
1

ka
+ ε

)
,

or
n

1
xa

N
+ (n−N)

(
1
ka + ε

) < nxa
n <

n
1

xa
N

+ (n−N)
(

1
ka − ε

) .

Therefore, ka

1+εka ≤ lim infn→∞ nxa
n ≤ lim supn→∞ nxa

n ≤ ka

1−εka . Since ε > 0 is arbitrary, we have

limn→∞ nxa
n = ka, or equivalently, limn→∞ n1/axn = k.

(b)

lim
x→0

x2 − sin2 x

x2 sin2 x
= lim

x→0

(
1 +

sin x

x

)
lim
x→0

x− sin x

x sin2 x
= 2 lim

x→0

1− cos x

sin2 x + 2x sin x cos x

= lim
x→0

sin2 x
2

x2

4

lim
x→0

1
sin2 x

x2 + 2 sin x
x

cos x
=

1

3
,

1



and so, for a = 2 and k =
√

3 in (a), we have limn→∞ xn

√
n =

√
3.

(c)

lim
x→0

x− (1− e−x)

x(1− e−x)
= lim

x→0

1− e−x

1− e−x + xe−x
= lim

x→0

e−x

2e−x − xe−x
=

1

2
,

and so, for a = 1 and k = 2 in (a), we have limn→∞ nxn = 2.
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