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Problem: Let f be a differentiable function from the positive reals to the positive reals
with the property that f(z) < « for all z. Suppose that z; > 0, and for n > 1let z, = f(x,_1).
Suppose further that lim,, .. x, = 0 and there exist positive numbers a and k such that

i = @) 1

=0z (f(x)* ke
(a) Prove that lim,,_., n'/%z, = k.
(b) Suppose that 0 < x; < 1, and specialize to the case where f is given by f(z) = sinz if
r < m/2and f(r) =1if x > 7/2. Show that lim, . z,/n = V3.
(c) Finally, suppose instead that 0 < x; < 1 and f(z) = 1 — e~*. Show that, in this case,
lim,,,oo nx, = 2.

Solution: (a) Let 0 < € < kia be arbitrary. There exists a positive integer N, such that for

each n > N, k%—e<z%—x%<k%+e. So, for each n > N,
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Therefore, % <liminf, .. nx; <limsup,  nry < 5 f:ka Since € > 0 is arbitrary, we have

lim,, oo nz? = k%, or equivalently, lim,, ntox, = k.
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and so, for a = 2 and k = /3 in (a), we have lim, . Z,/n = V3.
(c)
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and so, for a = 1 and k = 2 in (a), we have lim,, o nz, = 2.



