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Problem: Consider an acute triangle with sides of lengths a, b, and ¢, and with an inradius

of r and a circumradius of R. Show that

T V2(2a2 — (b —¢)?) (202 — (c — a)?)(2¢2 — (a — b)?)
R~ (a+b)(b+c)(c+a) '

B
2

Solution: Clearly % = 4sin % sin < sin % Moreover, since a? = b% + ¢? — 2bc cos A, we have
2 2 2 oA 5. 24 . .
2a” — (b —¢)* = a® 4 4bcsin 5= 8R*sin 5(1 + cos A + 2sin Bsin C),
and similarly for the two others. So, the required inequality is equivalent to

(sin A + sin B)?(sin B + sin C)?*(sin C' + sin A)? <

(14 cosC + 2sin Asin B)(1 + cos A+ 2sin Bsin C')(1 + cos B 4 2sin C'sin A).

Thus, it is sufficient to show that (sin A + sin B)? < (1 + cos C' + 2sin Asin B), and so on. But

this inequality is equivalent to cos C sin® A_TB > 0, which is evident. This completes the proof.



