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Introduction

“Only Inequalities exist and there are no equalities even in human
life.”

D.S. Mitrinovic

Almost all calculations deal with some kind of approximations and the ori-
gin of an approximation is nothing but an inequality. So, the more we sharpen
the inequalities, the better the corresponding approximations will be. There-
fore, discovering new inequalities, and sharpening, as well as extending the old
ones help us to estimate and accurate our calculations.

Nowadays, inequalities play an important role in all fields of mathematics and
they present a very active and attractive field of research.

It is generally acknowledged that the book Inequalities by G.H. Hardy, J.E.
Littlewood and G. Polya, which appeared in 1934, transformed the field of
inequalities from a collection of isolated formulas into a systematic disipline.
The modern theory of inequalities undoubtedly stem from this work.

The book Inequalities by E.F. Beckenbach and R. Bellman, which has been

appeared in 1961 contains an account of some interesting results on inequali-



ties obtained in the period 1934-1960.

The book Analytic Inequalities by D.S. Mitrinovic contains the materials which
are not included in the two mentioned above books and in the exposition of
classical inequalities new facts have been added.

Finally, the book Classical and new inequalities in analysis by D.S. Mitrinovic,
J.E. Pecaric and A.M. Fink, appeared in 1993, contains the most recent results
in this field.

The aim of this thesis is to present some new facts about the well-known in-
equalities in analysis.

This thesis is divided into five chapters.

In chapter one, we mainly discuss some classical facts about convex functions
which will be used and also developed in the next chapters.

In chapter two, we give several new proofs and refinements to the Arithmetic
mean-Geometric mean inequalitiy.

In chapter three, we study Ky Fan’s inequality and some of its most impor-
tant variants, and give some new proofs to them. Also we extend the additive
analogues of Ky Fan’s inequality to a very general case and give some appli-
cations.

Chapter four is devoted to the inequalities in inner product spaces. In this
chapter, we refine the well-known Triangle and Cauchy-Schwartz inequalities.
Also, we discuss some extensions of the Boas-Bellman generalization of the

Bessel’s inequality.



Finally, in chapter five we refine Jensen’s inequality, and then using this, give
some important applications in various abstract spaces.

The following papers are extracted from this thesis:

e [1] J. Rooin, Some Aspects of Convex Functions and their Applications,

Jipam, Vol 2, Issue 1, Article 4, (2001).

[2] J. Rooin, M.Tahghighi, and H. Teimoori, A Note on the Entropy

Inequality, RGMIA Research Report Collection, To Appear.

e [3] A.R. Medghalchi and J. Rooin, Some Refinements of the Triangle and

Cauchy-Schwartz Inequalities in Inner Product Spaces, Submitted.

[4] J. Rooin, On Ky Fan’s Inequality and Its Additive Analogoues, Sub-

mitted.

[5] J. Rooin and A.R. Medghalchi, New Proofs for Ky Fan’s Inequality

and two of Its Variants, Accepted.

Also, some classical results with new methods have been obtained and included

in this thesis and these papers are given at the end of this thesis.

Key words: Convexity, Mean, Hermite-Hadamard Inequality, Ky Fan’s In-
equality, Cauchy-Schwartz Inequality, Bessel Inequality, Jensen Inequality,

LP—Space.



Chapter 1

Preliminaries

In this chapter, we introduce some essential facts about convex functions which
will be used and also developed in the rest chapters. Also, we give some

applications and some classical matters in new fashions.

1.1 Convexity

Many of the most common inequalities in analysis have their origin in the
notion of convexity. Undoubtedly, the well-known Jensen’s inequality plays a
prominent role in this area. The discrete version of Jensen’s inequality states
that:

If C is a convex subset of a real (or complex) linear space , x1, o, ,x, € C

and ¢ : C — R is a convex function, then for all \; >0 (j = 1,--- ,n) with



Y A =1, we have

@ (Z )\jﬂcj) =< Z/\W(l’j)- (1.1.1)

A very most important integral form of Jensen’s inequality is as follows:
Let (2, M, 1) be a probability measure space. If I is an interval of the real

line, f is in L'(u) with values in I, and if ¢ is a convex function on I, then

@ (/Q fdu) < /Q(wf)dﬂ- (1.1.2)

In this section, we give some remarks on convex functions which will be gener-
alized in future chapters. First we mention the following simple lemma which
describes the behavior of a convex function on a closed interval of the real line.

For a full discussion of convexity and convex functions see [22] and [33].
Lemma 1.1.1. Let F' be a convex function on the closed interval [a,b]. Then,
we have
(i) F takes its maximum at a or b.
(i1) F is bounded from below.
(i1i) F(a+) and F(b—) exist (and are finite).
(iv) If the infimum of F over |a,b] is less than F(a+) and F(b—), then F takes
its minimum at a point xo in (a,b).
(v) If a < xg <b (ora<xz9<b), and F(xo+) (or (F(xo—)) is the infimum
of F' over [a,b], then F is monotone decreasing on |a,xo] (or |a,x¢)) and

monotone increasing on (xg,b] (or [xg,b]).



Proof.

(i) If, on the contrary, there exists a x € (a,b), such that F(z) > F(a) and
F(z) > F(b), then by the convexity of F', we have

b—x T —a

F(z) < F(a)+b_a

F(b) < F(a),

a contradiction.

(ii) Suppose, on the contrary, F' is not bounded from below on [a, b], and hence
on (a,b).Then, there exists a sequence {z,,} C (a,b), such that F(z,) — —oc0
as n — oo. The sequence {x,}, being bounded, has a convergent subsequence.
By passing to an appropriate subsequence, we can suppose that z,, — x € [a, b].
If @ < x < b, then by continuity of ' on (a,b), we have F(x) = lim F(x,) =
—o00, a contradiction. Therefore, x = a or x = b. For instance, we suppose
that x = a. By passing to an appropriate subsequence, we can suppose that
x1 > x5 > ---. Now by the convexity of F', we have for any n > 3,

Ty — T2 Lo — Ty

F(Ig) S

F(z,)+

F(z1) — —o0,
T1 — Tp T1 — Tp
as n — 00, a contradiction. Hence, F' is bounded from below.

(ili) If F'(a+) doesn’t exist, then there exist real numbers k; and ko, such that

liminf F(z) < k1 < ky < limsup F(z).

r—a+ r—a+

Therefore, for any ; > 0 and d, > 0, we have

inf F(z) <k <ky< sup F(x).

a<zr<a+dy a<z<a+d2



Choose 0; > 0 arbitrary. Then, there exists a < x; < a + d;, such that
F(x1) < k1. Now, taking do > 0 such that x; = a+ 09, there exists a < x3 < x;
such that F'(xzg) > ko. Finally, taking d3 > 0, such that xs = a + J3, there
exists a < x3 < x9, such that F(z3) < k;. Now, by the convexity of F, we

have

T9 — XT3 1 — T2

]{Zg < F(.TQ) <

F(Il) +

r1 — T3 r1 — T3

F(:c?,) < k’l,
a contradiction. Thus, F'(a+), and similarly F(b—), exists.

(iv) Let m = inf{F(z) : a < x < b}. Then there exists a sequence {x,,} C (a,b),
such that F(z,) — m. By passing to an appropriate subsequence, we can
assume that x, converges to a point zg € [a,b]. If xy = a, then by (iii),
m = lim F(z,) = F(a+) > m, which is a contradiction. Thus =y # a, and
similarly xg # b. Now, since xy € (a,b), by the continuity of F' on (a,b), we
have

F(z9) = lim F(z,) =m.

n—oo

Thus, F takes its minimum at a point zq € (a,b).

(v) If a <z <y <z, then we have

To—Y y—=z
F < F F
W) < 2Lr@)+ L )
To—Y y—z
< VP + LT F@) = Fl),

and so, F'is monotone decreasing on |a, o). Now, Suppose 2o < u <z <y <b

are arbitrary. Then, we have




and by tending u to xq, we will get

y—x T — T
F < F F
() S (wo+) + - (v)
y—x xr — Tg
< F(y) + Fly)=F
— (y) — (y) = F(y)

So, F' is monotone increasing on (xg, b]. The second assertion follows similarly.

O

Towards the end of this chapter, we assume that ¢ : C C X — R is a
convex mapping on a convex subset of a linear space X and a, b are in C. We

consider the function ¢ : [0,1] — R by

[p(ta+ (1 —t)b) + o((1 — t)a + tb)] (0<t<1). (1.1.3)

o) = 5

The next theorem, due to S.S. Dragomir and N.M. Nicoleta [13], contains some

important facts about this function.

Theorem 1.1.2.

(ii) supepy,y () = $(0) = §(1) = L0

(iii) infrep ) (t) = 6(3) = ©(“32).

(iv) ¢ is convex on [0, 1].

(v) The following generalized Hadamard’s inequalities are valid:

a+b

pla) + p(b)
; .

o0 < [ etta+ (- opar < 29

(1.1.4)



(vi) Let p; > 0 with P, =Y . p; >0 and t; € [0,1] fori =1,---n. Then the

following inequalities hold:

sO(aer sz ) < Piipm;(ti) < M, (1.1.5)

which is a discrete version of Hadamard’s inequalities.
Moreover, if X =R, C s an interval of real numbers, and a,b € C with a < b,
then we also have

1

(vit) ¢ is monotone decreasing on [0, 1] and monotone increasing on [3,1].

(viit) The following identity holds:

/ o(t) b_a/abw(:c)dx.

(ixz) Hadamard’s inequalities valid:

sO(CL;rb) < bia/ p(r)dzr < M. (1.1.6)

(x) If p is differentiable on [a,b], then
o(0) 2 max {(a) + 50— )¢'(@), pl0) - 30— S 0) )
for all t in [0, 1].

(xi) If @ is as in (z) then also

a+b S pla)+ ) b—a

Proof.



(i) For each ¢ € [0, 1], a simple calculation shows that

o(1+3)
(e Gl

(ii) Using the convexity of ¢, we have

o(t) < 5 ltpla) + (1 =1)p(b) + (1 = t)p(a) + to(b)]

p(a) + ¢ (b)
2

N | —

the assertion holds.

(iii) By the convexity of ¢, we also have

¢(t)Z(’O[taJr(l—t)bJr(l—t)a—irtb} :¢<a+b>

2 2

for all ¢ in [0, 1], and since

the assertion follows.

10



(iv) Let a, 3 > 0 with a + 3 =1, and ¢,, ¢, be in [0, 1]. Then
o(aty + Bt

= elalha+ (1— 0] + Bltsa+ (1~ 12)8)
+ (a1 =t)a+ 0] + B[(1 — ta)a + L))}

< Slag(hat (1= 0)b) + Bplta+ (1~ )b)
+ ap((1 —t1)a+t1b) + Bo((1 —tg)a + tab)}
— ag(t) + F6(ts).

and so ¢ is convex on [0, 1].

(v) ¢ being convex and bounded on [0, 1] is Riemann integrable, and so by (ii)

and (iii), we have

a+b (a)—l—go(b).

() < [ ot < 20

But a simple calculation shows that

1 1
/ o(t)dt = / o(ta+ (1 —t)b)dt,
0 0
and the assertion follows.

(vi) The first inequality in (1.1.5) is obvious from (iii). The second inequality
follows from Jensen’s inequality applied for the convex function ¢. For the last
inequality in (1.1.5), consider, by (ii), the following inequalities:

p(a) + o(b)

: (i=1,---,n), (1.1.7)

o(t:) <

multiply each sides of (1.1.7) by p;/P, (i =1,--- ,n), and sum up them from

1=1to1=mn.

11



(vii) Since ¢ is convex on (0,1), for each 1,2, € [3,1) with ¢; < t5, we have

_ b LI (L= o+ tib) — ¢ (hia + (1= 1))
b—a

2

> [ (1 —t1)a+t1b) — ¢ (tra + (1 —1)b)].

Since ¢; € [1,1), we have (1 — t1)a + t1b > tia + (1 — ¢1)b, and since ¢/ is

monotone increasing on (a,b), we conclude that

g0,+((1 — tl)a + tlb) Z 90/_’_(7510/ + (]_ — tl)b>

Thus, ¢ is monotone increasing on [3,1), and so also on [3,1].

Since ¢(t) is symmetric with respect to the line ¢ = 1, ¢ is monotone decreasing
on [0, 1

3l

(viii) It is obvious that

/Oso(ta+(1—t)b)dt=bl /Qw(m)dx.

—a
(ix) It follows from (v) and (viii).
(x) Since ¢ is differentiable on [a, b], for each ¢ in [0, 1], we have
plta+ (1=1)b) = ¢la)+ (1 =1)(b—a)¢(a),
p((L—t)a+tb) = p(a)+tb—a)e(a),

which by summing these inequalities, we conclude that

b—a
2

¢(t) > p(a) + ¥'(a).

12



Similarly, for each ¢ € [0, 1], we have

8(1) 2 o) ~ *5 o)
(xi) By (x), we have
61) > 5 |ela) + 50— a)pl(a) + 9(b) — 5(0— ) D)
= D D) a)
0<t<l).

Now, considering (iii), the assertion follows by taking infimum of the left hand

side. 0

Remark 1.1.1. It must be noted that the proof of (vii) of Theorem 1.1.2 can
be simpilfied by using Lemma 1.1.1. In fact, since by (iii) and (iv) of Theorem
1.1.2, ¢ is convex and takes its minimum at 1/2, by (v) of Lemma 1.1.1, ¢ is

monotone decreasing on [0, 1/2] and monotone increasing on [1/2, 1].

1.2 An Identity Among Complex Numbers

In this section, we give a new proof for the problem 10697 posed in The Amer-
ican Mathematical Monthly [26], and get an identity among a finite number

of complex numbers:

Theorem 1.2.1. Given n distinct nonzero complex numbers z1, zo, -+ + , Zn, We

13



have

n n
1 H 1 (_1)n+1
z Zp — Zi  Z1%9cc Zn
=1 k j=1 k J 1~2 n
jk

Proof. 1t is equivalent to prove :

n

(1% 12y 2p 121 Zn o
; (21 B Zk) T (Zkfl — Zk)(zk — Zk+1) e (Zk _ Zn) - ( 1) . (1.2.1)

It is easy to see that the left hand side of (1.2.1) is equal to

P1<217 2oyt 7Zn)
)
Hi<j(zi - Zj)
where Pj(z1, 22, -+, 2,) is a polynomial of 21, z9,- - , 2,, which for any i, as-

suming all z;’s (j # i) are fixed, is an algebraic polynomial of z; with degree
n — 1, because its degree is at most n — 1, its constant term is nonzero, and it

has n — 1 distinct roots z;’s (j # 7). Therefore, we have
Pi(z1, 20,y 20) = (21 — 22) (21 — 23) -+ (21 — 20) Pa(22, -+, 20),  (1.2.2)

where Py(2g,+ -+, 2,) is a polynomial of zy, - - | 2,,, with degree n — 2 for each
Z9,+ -+ , zn. Regarding both sides of (1.2.2) as an algebraic polynomial of zy, it
follows that zs,-- -, z, are distinct roots of Ps(z3, -, 2,), as a polynomial of

2o with degree n — 2. Thus

Pi(z1,29,+ y2n) = (21 — 22) -+ (21 — 2n) (22 — 23) - - (22 — 2n) P3(23, -+, 2n),

where Ps(z3,-- -, z,) is a polynomial of z3, - - - , 2z, with degree n—3 with respect

to each z;, (i > 3). If we continue in this way, we find that

Pl(ZhZQv U 7ZTZ) = AH(ZZ - Zj)u

i<j

14



where A is a constant number. Therefore the left hand side of (1.2.1) is always
equal to the constant number A. If we set zy = 1,29 = 2,--- .2, = n, we

obtain

Yk — " /n
. Z 1 2- =5 <k1 : )(2]€ + () 5 _ (_1)n+1+z (k)(_l)n_k _ (_1)71-&-17

and this completes the proof. O

1.3 A Note On The Entropy Inequality

The Entropy inequality [32] states that

If p and q are two nonnegative real numbers with p+ q =1, then

Inplng

Inplng < —plnp—glng <
In2

(1.3.1)

Recently, it has been given [6] a simple proof for (1.4.1). But, there are two
gaps in the previous work. First they didn’t generalize the Entropy inequality
for the case n > 2, and it seems that their method doesn’t easily work in this
case. The second is that they didn’t consider the equality cases.

In this section, we generalize the Entropy inequality for the case n > 2, and
also get a necessary and sufficient conditions of equalities. First, we consider

the following simple lemma.

Lemma 1.3.1. The function [ defined by

:fn—_; 0<x<l1,
f(x) = 0 x =0,
1 r=1,

15



is strictly concave on [0, 1].

Proof. We show that f”(z) <0 (0 <z < 1). But

" 9()
= 1

f'0)= s <z,

where
gx)=2(x—1)—(xr+1)Inzx.
Now, since
p r—1
= —1
g(x)=— nz,

and

l1—=z
9"(r) = —;

>0 0<z<1),
T

we have ¢'(x) < ¢’(1) =0 and g(x) > g(1) =0 (0 < z < 1), and so the proof

is completed. O

Theorem 1.3.2. If p;s (1 < i < n) are nonnegative real numbers with

Yor o pi=1, then

n

pz-—1<n—1

1< 1.3.2
T4~ lnp; T Inn ’ ( )
(We define 11?1;11 for the special cases p; = 0 and p; = 1 as lim,,_,o ’l’ffil =0
and lim,,_, 11711;—;1-1 = 1, respectively.)
Proof. Since by Lemma 1.3.1, f is concave, we have
fpi) = Flpil+(1—p:).0) (1.3.3)

> pif(1)+ (1 —pi)f(0)

= pif(1) =pi (1<i<n).

16



Thus

or equivalently

—~p; — 1
Inp;,

1<
=1

Since f is strictly concave, equality holds in the left-hand side of (1.3.2) iff
equality holds in (1.3.3) for each i = 1,--- ,n . But this in turn is equivalent
to that one of p;s is equal to one and the rest of them are equal to zero.

Now, for the proof of the right-hand side inequality in (1.3.2), we can write

Stop) L (1) 2-1 n-1
Z i) <f( : >_f<ﬁ)_ Ini  nlnn’

and therefore,

- pi—1<n—1

—~ Inp; ~ Inn

Since, f is strictly concave, equality holds iff py = py = --- = p, = . This

completes the proof. O

1.4 Applications

Application 1. Let (X,|| ||) be a normed linear space and z,y belong to X.
Then for each p > 1, we have

p

" + [ly[”
2

%[I|t$+(1—t)yllp+ 11 =)z +ty[]"] < (1.4.1)

r+y
2

(0<t<),

17



and

)1 + Nll”
SRR

/ [t + (1 — t)y||Pdt < (1.4.2)

Also, for p; > 0 with P, =>""  p; >0, and t; € [0,1] (i =1,--- ,n), we have

z+yl”

5 <
+
<
<

for all z,y in X.

(1.4.3)

1 1 — 1 —
| (5 ) (-7 %)

(A% (e

sz [tz + (1= t)yll” + [I(1 = i)z + tiy|]”]

HxH” + lyll”
2

If we suppose that x,y are positive numbers and p > 1, then we also have

1

2

D B . p—1 p_g _ p—1

> max{z +2(y )"y (y —x)y" "}

for all ¢ € [0, 1].

[(tx + (1 —)y)? + (1 — t)x + ty)P] (1.4.4)

2

Proof. These follows from Theorem 1.1.2 by considering the convex functions

p: X - R, o(x)=

|z]|P and ¢ : [0,00) — R, () = 2P (p > 1), respectively.

O
Application 2. Let 0 < a < b. Then the following inequalities hold
a+b 1/2
5~ = [(ta+ (1= 0)((1—ta+)]'* > Vab (1.4.5)

18



for all ¢ in [0, 1], and

a+b

> exp /01 In(ta + (1 — t)b)dt > Vab (0 <a<b). (1.4.6)

Now, let p; > 0 with P, =" ,p; > 0, t; € [0,1] (i = 1,--- ,n). Then, we

have

v

X
— — —/
R
|
| =
-
S
S+
~_—
=)

+
/N
| =
-
S
=
~__—
o>
—_
——
=
no

vV
7
&

Finally, we have

In[(ta 4 (1 — t)b)((1 — t)a + tb)]"/? (1.4.7)

b—a b—a
< i _
< min {lna+ 5 Inb 5 }

where t € [0,1] and 0 < a <.

Proof. 1t follows from Theorem 1.1.2 by considering the convex function ¢ :

(0,400) = R, p(x) =—1Inuz. O

19



Chapter 2

AGM Inequality And Its

Refinements

In this chapter we give some new proofs and refinements for the AGM inequal-

ity and estimate the difference of the arithmetic and the geometric means.

2.1 Introduction

Undoubtedly, the arithmetic and the geometric means inequality, or briefly, the
AGM inequality, is the most important inequality in classical mathematics. It

simply states that for any nonnegative real numbers x1, zs, - - , x,, we have

Ty, < St et A I (2.1.1)
n

20



with equality holding if and only if z; = --- = x,,. More generally, we have

1P woP? -, P < prwy 4 poa + - Py, (2.1.2)

where pq, pa, - - - p, are nonnegative real numbers with p; + po +--- +p, = 1.
The equality occurs in (2.1.2) if and only if x;’s are equal with each other for
all i’s with p; > 0. There are several interesting proofs of the AGM inequality,
see e.g. [7-11-18-20], each of which has its own fascination and importance,
and more than fifty of them are mentioned in [11] in order of their appearance.
In this chapter, we give some proofs for the AGM inequality, and also give
some upper and lower bounds for the difference of the arithmetic and the
geometric means in the case of equal weights. Throughout this chapter, we

use the following notations:

A, , (2.1.3)

and
Gp = /T2 T, (2.1.4)

for the unweighted arithmetic and geometric means of n given nonnegative

numbers zy, zo, - - - , T, respectively.

2.2 Some Proofs for the AGM Inequality

In this section , we give yet some other proofs for the AGM inequality. First, we

give a discrete proof of the AGM inequality [24], without using mathematical

21



induction:

First proof of the AGM inequality. Since each side of (2.1.1) is a continuous
function of xy, s, -+ ,x,, it is sufficient to prove (2.1.1) for rational numbers
z; >0 (1 <i<n). Now, by rationalization of denominators of z; (1 <i < n),
it is sufficient to prove (2.1.1) for only nonnegative integers z; (1 < i < n).

Let £ > 0 be an integer. We prove (2.1.1) for all n-tuples z = (x1,---x,)

satisfying
rn+xe+--+x, =k (¢; >0; i=1,2,---n). (2.2.1)

We can assume that n divides k, since otherwise we may change x; to nx; (1 <
i <mn). Since there are only finite number of n-tuples x = (x1,--- , z,) satis-
fying (2.2.1), there is a n-tuple a = (a4, - - - , a,) which satisfies (2.2.1) and has

greatest product, i.e. for any n-tuple x = (x1,--- , z,) satisfying (2.2.1),
T1To Ty < A1G9 -+ Q.

If a;’s (1 <4 < n) are not equal with each other, then there exist two a;’s, say

a1 and as, such that a; < % < ay. Therefore ay — a1 > 2, and if we take
r1=a+ 1,29 =09 — 1,23 =as, -, Ty, = Qy,
then x = (xy,- -+, z,) satisfies (2.2.1), and since
T2y = (a1 + 1)(ag — 1) = a1a2 + ag — a3 — 1 > aqay,

we have

T1Tg Ty > A1G2 * * * Ay,
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a contradiction. So, a; =---=a, = %, and the proof is completed.
Now, using the binomial expansion and the mathematical induction, we give

the second proof for the AGM inequality. All we need is the following lemma:

Lemma 2.2.1. With the above notations,

1 - n—k n—1 n—l

n
k=2

or equivalently,

1 n n=k 1/n 1/”
An— Gy =~ kz:; (k) A (@ — AR 4 O (A — Grl)(2.2.3)
where
n—2—1
= 1” Col i Gy # Av,
Ch1 =14 SiiAILG, % (2.2.4)
0 Zf Gn—l - An—l‘

Proof. By the binomial expansion, we have

zy = (2" — Al/n + Al/n )= Z (Z) Aﬁ (zh/™ — A:z/nl) .

k=0
So,
-1 Anf + T i n
An:(n )n 1T :An 1.’13'1/n+ Z() 1/n_A711/1>7
and therefore,
Ay =Gy = A, —G.m 1x1/" (2.2.5)
A A U ATE —qiE)
1 & n-1 n-1
= ﬁ ( ) 1/n - A}z/—nﬂk + ‘r;lz/n<Anﬁl =G,
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The recursive relation (2.2.3) follows from (2.2.2) by considering

1-1 —2—1

n—1 n—2
n—1 n—1 1 n— 1 n
(427 = GuL ) Yo ATAGa = (Aur = Ga) DAL G
1=0 =0

O

Second proof of the AGM inequality. Whithout loss of generality, we may
suppose that z; < z9 < -+ < x,. So, by the fact that x,, > A,_; and the

induction hypothesis A, 1 > G,,_1, we conclude from (2.2.2)that

A, — Gy >~ Z() zhm— AN > 0,

and (2.1.1) is established. For the case of equality in (2.1.1), it is evident from
(2.2.2) that A,, = G,, if and only if x,, = A,,_; and A,,_; = G,,_1, which by the
induction hypothesis, it is equivalent to 1 =z = - - - = x,,.

Now, using the positiveness of the integral operator, we give another proof for
the AGM inequality.

Third proof for the AGM inequality. We have
{(n — 1A, + t] n

n

Anl

nl—

(An_y < 1). (2.2.6)

So, if A,_1 < z,, integrating each side of (2.2.6) with respect to t, from A,,_;

to x,, we obtain

Tn T, -1 An, ¢ n—1
Al (p, — A,y) = A"—l/ dtg/ [(” JAn1 + } dt

Anfl An 1 n
_ n n
- An - An—l’

or A" 1z, < A?. Similarly, if z,, < A,_1, integrating both sides of

(n—1)A, 1+ t]”_l

n

(A1 > 1). (2.2.7)

ATl > l
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from z,, to A,_1, yields that A"~ 1z, < A". Therefore,

from which, using the mathematical induction,we obtain the AGM inequality.
Finally, we expand the difference A7 — G, and so A,, — G,,, as a finite sum of
nonnegative terms, from which the AGM inequality is achieved trivially. First,

we prove the following useful lemma, which is an special case of our purpose.
Lemma 2.2.2. Ifa,b> 0, then

ka+b\*" b—a)’ o ka+b\™"
(k:+1) _ab_<k:+1> Z(k_m+1>(k+1) “@

m=1

Proof.

k
()

k1
_ (ka—i—b) S N S SR 8

k l
_ b—a ka+b 1
- k;+1lz1 (k+1) a]a
b—a\ e~ (ka+b\""" . .
- (59 px () o
_ (b-a 22’“: " (ka+b S
N k+1 m=1l=m k+1
b—a\’ < ka+ b\
= k— 1 h=m
(k+1> ( m+)(k+1) ¢



Corollary 2.2.3. (Dinghas Identity)

Tp1 — Ag - o
ZZ ( —];+1 > (k—m—i-l)Ak_HlAi xk+2...$n.(2.2.9)

k=1 m=1

This is, of course, a constructive proof of Dinghas identity which is different

from one given in [12], based only on the mathematical induction.

Proof. We have

kA, + T i
AZE Aixkﬂ = (W - Ail’kﬂ
and so, by the Lemma 2.2.2,
n—1
A, -Gy = (Aiﬁ - A’zzxkﬂ)ka T Ty
k=1
n—1

k T A 2
k+1 — 4k m
>3 (ﬁ) (k—m+ DAPS A ™0y 1y,

2.3 Some Refinements Of The AGM Inequal-
ity
In this section, we give some refinements, sharpenings, converses, and variants

of the AGM inequality. First, we give a sharpening and a converse of the AGM

inequality:
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Theorem 2.3.1. If A, < x,, then

<(2n-—1)Aﬂ_1+-xn)”1__An_1

2n n—1
< (AL =G = za(AT - GRT)
An—l _ An—l
S %('xn - An71>~

If x, < A,_1, both inequalities reverse.

Equalities hold in each inequality if and only if x, = A, _1.

Proof. We prove the theorem in the case of A, 1 < z,. The case x,, < A,,_1 is

achieved by considering the closed interval [z,, A,—1] instead of [A,_1,z,] in
n—1

the following argument. Since the function f(t) = (M) (t >0)is

n

convex, using Hermite-Hadamard’s inequalities (1.1.6), we have

n—1
_ 1 An n—1+Tn
<(” JAn—1 + 7) (0 — An1)

n

Tn 1 A B n—1
Ap_1 n

An—l Anfl
~ %(l’n - An—l)a

IN

from which (2.3.1) is achieved. The case of equality follows from strict con-

vexity of the function f. O
Now, using (2.2.8), we give the following sharpening of the AGM inequality.

Theorem 2.3.2. If z; >0 (1 < i < n), we have
A T T
> — o J
an 1 + 1 <1 / \/ xz> (2.3.2)
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Proof. Using (2.2.8) and mathematical induction, we have

Ap =Gy

and so

A
G

T, (AP — Grl

> xnxn—1<AZ:§ - Gﬁig)
>
Z Tnlp-1Tp—2 """ iL‘g(A% - G%)

. .CCl—.ngn

1 T : x 2

1 2
- LI e e
4 (\/ To \/ xl) "

1 T 72\
21+_(,/_1_,/_2).
4 ) T1

Now, since we can interchange the role of x; and z, by arbitrary z; and z;

with 1 <i # j < n, we get (2.3.2).

O

Next, we give the following inequalities for the the difference of the arith-

metic and geometric means.

Theorem 2.3.3.

(i) If A1 < x,, then

l - n nTik 1/n __ Al/n
- (k) A (xn AM) (2.3.3)
k=2
n—1
(An—l - Gn—l);
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which is a sharpening of Rado’s Inequality [11] for equal weights. If x, < G,_1,

the inequality reverses.

(1) If 0 <y < a9 <--- < 2y, then

(A, — Gy) > % Xn: i (Z‘) A (g;},{m - A}n/i”l)k , (2.3.4)

m=2 k=2

which 1s a refinement of the AGM inequality.

If v1 > 29 > -+ > x, >0, the inequality reverses.
Proof. We only prove (2.3.3) and (2.3.4) in the case of A, ; < z, and 0 <
r1 < x9 < --- < 1, respectively. The other cases follow similarly.

(i) Using the mean value theorem for the function f(z) = z™= over the interval

(Gp—1, Ay_1], there exists a &,_; between A,_; and G,,_1, such that

n—1 n—1 n — 1

Azl—G"lz

EM (Apt — Goia).

n

Therefore, since ,, > A,_1, we have (z,,/&,-1)"™ > 1, and so (2.3.3) follows

from (2.2.2).

(ii) Considering (2.3.3) for m instead of n, and then summing up (2.3.3) for

m=2,---,n, we have
n(A, —G,) = m(Ay, — Gm) — (m— 1) (A1 — G1)]
m=2
n m m ek . .
- Z (k)Amml (‘r}r{ - Airffl) ’
m=2 k=2
and so, (2.3.4) is obtained. O
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Now, we are going to give another sharpening of the AGM inequality. For

this purpose, we begin with the two following lemmas.

Lemma 2.3.4. If1+ % >0, then

h A\ " h? 1
14+ — )yt > (14— 1 ) =1,2,---).
(+n+1> _<+n) {—i_(n—i-l)?n—i—h} (n 2000)

Proof. . By means of Bernouli’s inequality, we have

14 _h it _ho_ R\"
( +n+’1)n _ (1+ h ) 1+ n+1 hn
(L+3) ntl -
h

[V
N
+

N
+ | =
[
N——
~/
—
+
3
3
- t’w
= |
N—

Lemma 2.3.5. Ifa,b > 0, then we have

na 4+ b\ " -
> n - p— CECEEY
(n~|—1> _abH(l%—al) (n=1,2,---),

i=1

where
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Proof. Using Lemma 2.3.4, we have

n n+1
na +b\" ! _ n+§ _ 1+§—1
n-+1 n+1 n+1

>n+1

o (132 [t

- “{W]:{”Ez:))zaun—lnﬁbl}
_ {W] (1+ o)

>

>

a"b ﬁ(l + ;).
i=1

Theorem 2.3.6. Ifz; >0 (1 <i <n), then

n—1
AT -G > A, [Hu + o) — 1] ,

i=1

(2.3.5)

- n—1).(2.3.6)

where,
—A,1)? 1
oy = T = A1) : (i=1,2,
(t+1)2  A,a[(6—1DA1 + 24
Proof. Using Lemma 2.3.5, we have
n—1A4,1+z, " O
A = ( ) i 1 ] > Ag_}an(l + o),

=1

where a;’s are given by (2.3.6). Now, (2.3.5) follows by considering A"}z, >

Gn.
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Now, using Dinghaus identity, we give some upper and lower bounds for

the differences A — G and A,, — G,,.

Theorem 2.3.7. If 0 <z <y <--- < x,, then

3
—

2 k
A —aqn > 1 — A 2
k=1
n—2
> 1TL2(77, —C, —Inn)
In—Q
> 12 L*(n —1—1Inn),
and
_9 n—1
! k
k=1
xn72
< "TMQ(n —C, —1Inn)
xn—2
< ”2 M?*(n —1/2 —1Inn),
where
L=min{xg —Ap: 1<k<n-1},
M =max{xpy — A : 1<k<n-1}
and
"1
C, = T Inn
k=1
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Proof. Since x; > x1 (i =1,--- ,n), we have A; > x; (i =1,--- ,n), and so by

(2.2.9),

A -G >

and the first inequality in (2.3.7) is achieved. The second and third inequalities

in (2.3.7) are obtained by considering (2.3.9),

-1

3

k=1

k "1
T . = - - = - n_l ]
3 1—n kglk—n C, nn

(2.3.12)

and C,, < 1. The inequalities in (2.3.8) are obtained in the same manner as

(2.3.7) by considering 1/2 < C,,.

Corollary 2.3.8. I[f0 <z < x5 <--- < x,, then

A, — G,

and

>

>

v

IN

IN

IN

_ n—1
n—2 k’

Y
2n;n—1 Z kE+ 1 (241 — Ax)?
n k=1

m?_z

L*(n —C, —Inn)

n—1
2nxl

n—2
Ty

2m€2_1L2(n —1—Inn),

a:n—Z n—1 k )
nnf (g1 — Ag)
2nat ! ; kE+1

‘,En72 )
1
"2 1
n M2 S
2nt (n 2 nn),
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where L, M, and C,, are described as (2.3.9), (2.3.10), and (2.5.11).

Proof. Using (2.3.7), we have

A" — G" xn—Q n—1 i
An - Gn = n n > 1 » 2.
Z;é AkGn—1-k = 2nxp—t ; n 1(55k+1 k)

and the first inequality in (2.3.13) is obtained. The other inequalities in
(2.3.13), follow as in the proof of the Theorem 2.3.7. The inequalities in

(2.3.14) are achieved in the same manner. O

Finally, we present a sharpening of the AGM inequality due to H. Alzer
[1] in the case of equal weights, which by a little change, can be applied easily
for the case of arbitrary weights. It must be noted that the proof of this
sharpening has been simplified by J.E. Pecaric [30], but his method seems not
to work for arbitrary weights.

We denote by S, (a;x) the sum

n n n
Sn(a;x):22x?2x§*a—2xi, T = (21,22, ,Ty).
=1 =1 i=1

we prove:

Theorem 2.3.9. Let z; (i =1,---n; n > 2) be positive real numbers, and let

a and 3 be real numbers with 0 < a < f < % Then

n(2n —1) Hxil/n < Sp(Bix) < Splasz) < (2n—1) sz (2.3.15)
i=1 =1

The sign of equality holds in each inequality of (2.3.15) if and only if v, =

'.:‘Tn'
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Proof. A simple calculation reveals that equality is valid in (2.3.15) if x; =

.-+ =ux,. Next we assume that x;’s are not all equal. Let 0 < a < %; then we

obtain:
]' d S . o - al - 11—« - «@ - 17041
37 w(asx) = sz n:cl'Z:z:i —lele nz;
i=1 i=1 =1 i=1
_1 n n
= < Z Z(xixj)a[:v}_% — x}_Qa] In(x;/z;) < 0.
i=1 j=1

Hence, o — S, («; ) is strictly decreasing on [0, 2] and we get for 0 < a <

2
By
s, <%x) < 50(5,4) < Sufosw) < 5ul033) = (B =D D

It remains to prove

n

n 2 n
1/n Lo\ _ 2| .
n(2n—1)Hmi < Sp (5,:5) =2 [sz ] le.
=1 =1 =1
Without loss of generality we may assume
Tp < Tpo1 S -0 S0, Tp < T1.

We define the function

¢q1[$q+1:+oo)—>R (1<g<n-1)

where

2 n
gp(a:l,---,xn):2[2x3/2] —in—n(Qn—l)Hx;/”.
i=1
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First, we establish that ¢, is strictly increasing. Differentiation yields

2172
PR (2.3.16)
1=q+1 i=q+1

We denote the right-hand side of (2.3.16) by f(x) and we will show:
f(z) >0 for T > Tgpq.

we have

Fl(z) = (q—1/2)27% = (2n = 1)(g/n — 1/2)29"732 ] 2" (2.3.17)

i=q+1
If g/n—1/2 <0, then f'(x) > 0 is obviously true.

l/n

Let ¢/n —1/2 > 0; because of [[_ | 7;

< 279" we obtain from (2.3.17):

fi@) = (n =11 —gq/n)a™"? >0

which implies

F(2) > flagn) (2.3.18)
1/2 1/2 1)/n—1/2 1/n
= (2¢+1) qil+22m/ —1):70((1?:;)/ / Hmi/,
i=q+2 i=q+2

where the sign of equality holds only if x = z4;.

Differentiating the right-hand side of (2.3.18) with respect to 2,41 and using
similar arguments as above we conclude that the derivative is positive. Since
Tgr1 > Tqyo this leads to

Flag) > 20+ Bl +2 3 o = (20— 0ale?" 2 T all
i=q+3 1=q+3
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with equality holding if and only if x4 = 2410.

Repeated application of this technique yields

fx) > (2n—3)a? + 2212 — (2n — Va2l (2.3.19)
where the sign of equality is valid if and only if z = 2441 = -+ = z,,_1. Simple

calculations show that the right-hand side of (2.3.19) is strictly increasing with

respect to x,_1, and because of x,_1 > x, we get

flx) > (2n = 3)z)/* + 22)/* — (2n — D)z)/* = 0,

and f(z) = 0 holds if and only if z = x4y = -+ = z,. From (2.3.16) we
conclude

@ (x) >0 for T € [Tgt1,00)
with equality holding if and only if z = 2441 = -+ = x,,. Thus, ¢, is strictly

increasing on [z,41,00).

From the monotonicity of ¢, and the identity
Qprfl(xr) = Spr(xr) (2 <r<n-— 1)7
We obtain

o(xr, o mn) = @i(z1) > p1(T2) = Pa(x2) > Pa(x3)

= w3(x3) 2+ = Pp1(Tp-1) > Pu-1(xn) = 0.(2.3.20)

Since ¢, is strictly increasing on [x,41,00), we conclude from z; > z,, that at

least one of these inequalities is strict; hence, we have

90(1’17"' al‘n) > Oa
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which completes the proof of the theorem. O

2.4 Application

We end this chapter by the following application of the AGM inequality to a

classical problem of mathematical analysis [23]:

lim /n = 1. (2.4.1)

We can easily see that () follows immediately from

n—1
0 < VYn—1=— 3
nw +nan 441

n—1 n—1
< n/ 1,2 1 8nl
n n;‘i’;"r""‘rT n 2n
1
<

7
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Chapter 3

Ky Fan’s Inequality And Its

Variants

In this chapter we study Ky Fan’s inequality and some of its variants, and
give some new proofs and refinements to them. Also, we extend the addi-
tive analogues of Ky Fan’s inequality to a very general case and give some

applications.

3.1 Introduction

Throughout this chapter, given n arbitrary nonnegative real numbers x1, - - - , z,,
we denote by A,,, G, and H, the unweighted arithmetic, geometric and har-

monic means of xq,--- ,x, respectively, i.e.
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n

1 n n
An: —Za’},“ Gn:Hl‘il/n7 H?’L: T’ (311)
n
=1 i=1

i=1 =,

L

(we obey the conventions 3

0o and = = 0) and moreover, if z; € [0,1/2], we

denote by A/, G! and H] the unweighted arithmetic, geometric and harmonic

means of 1 —xy,--- ,1 — x, respectively, i.e.
1 n n
A ==3(-z). G=[[0-w)" H =t (312
i3 i=1 Zi:l 1-z;

In 1961 the following remarkable inequality, due to Ky Fan, was published for
the first time in the well-known book Inequalities by Beckenbach and Bellman
7, p. 5]:

If x; € (0,1/2], then

A A

SR Qi 1.

G~ G, (3.1.3)
Equality holds in (3.1.8) if and only if x1 = -+ = xy,.

For a very short proof of (3.1.3) see [19].

Inequality (3.1.3) has evoked the interest of several mathematicians and in nu-
merous articles new proofs, extensions, refinements and various related results
have been published; see the survey paper [4] and the references therein.

In 1988, H. Alzer [5], proved an additive analogue of (3.1.3) as follows:

If x; €10,1/2] (i =1,2,--- ,n), then

A — G < Ay — Gy, (3.1.4)

40



with equality holding if and only if x1 = x9 = -+ = x,,.

We remark that, just as for (3.1.3), inequality (3.1.4) was originally established
for unweighted means. Proofs of (3.1.3) and (3.1.4) for weighted means can be
found in [4].

Also, in 1995, J.E. Pecaric and H. Alzer [29], using the Dinghas Identity [12],
proved that:

Ifx; €10,1/2) (i =1,2,--- ,n), then
A Gr< AT G, (3.1.5)

i which if n = 1,2 equality always holds, and if n > 3, the equality is valid if
and only if v, = -+ = x,.

The aim of this chapter is to give some new proofs, refinements and sharpenings
for (3.1.3) and some of its variants, and by studying the behavior of the function
F' defined in (3.5.1), generalize the additive analogues (3.1.4) and (3.1.5) for
other powers except than 1 and n and get some new logarithmic additive

analogues of (3.1.3).

3.2 The Ky Fan’s Inequality Ay < 4

Ay Ay
G;’L - Gn )
In this section, we give two new proofs to the Ky Fan’s inequality. First, using
Lemma (2.2.2), we give a completely discrete proof for Ky Fan’s inequality,

and then, using the Maclaurin’s method [18], we give a short analytic proof

for it.
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First proof to the Ky Fan’s inequality. There is nothing to prove if n = 1, and
so we suppose that n > 2. Without losing generality, suppose that z; < x9 <

- < x,. We show equivalently

A Gh

T > i (3.2.1)
We have
An Gno i A AN men Thra T
A;Ln G;.Ln k+1 A;c 1_$k+1 1—ka+2 1—$n

n—1

k
S
- Al k+1

k+1

k+1 k1
Aph _ Aja ] Te+2  Tn
R

Afzper AR =2y — Tpyo l—m,
So, it is sufficient to show that the expressions in the brackets are nonnegative
fork=1,--- ,n—1. But

k+1 r k41 k+1 k r k41 1k
Ay A AT — Afren B A — A (1 — @)

Az AP —a1)  Afnen AF(1 = 211

Using Lemma 2.2.2 and the binomial expansion, we have

k+1 k
Ak+1 Apin

3.2.2
A;’szﬂ ( )
k+1
kA x 1
<%> — Afwrn
B Aﬁxk-ﬂ
2 m—1
- <xk;:__1Ak> Zl:n:1 (k‘ —m+ 1) <kAkk—:zlk+1> Al]z—m
B Al;f;l'kﬂ
k. m—1 m—p—2
k—m +1 —1 Tkl P 1
= (35k+1 - Ak)2 Z T el ( )kp ( -
m=1 p=0 (k - 1) " p Ak Ak
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Similarly,

A§f+1k+1 — A;{k(l — Tp41)
A (1 = @)

k. m—1 m—p—2
k—m+1 —1 1—13k1 P 1
_ 2 +
- S (e () A

m= 1p:0

So, it is sufficient to show that

m—p—2 m—p—2
Th+1 1 I — 1z 1
— 2> | — — 2.4
< Ay, ) AR~ ( Ay, ) A 324

(k=1,---,n—1,m=1,--- k; p=0,--- ,m—1).

If p=m—1, (3.24) is equivalent to 1 — Ay — a1 > 0 which is valid since

Ap, T < 1/2.

_ m—p—2
If 0 < p < m — 2, because of ’““ > 11_9Ef1:1’ we have (le) >

(%)m_p%, which together with Aik > AL;’ we get (3.2.4), and so, (3.2.1)
is obtained.

Clearly, equality holds in Ky Fan’s inequality if z; = --- = x,,.

Conversely, if x1,--- ,x, are not all equal, there exists a k with 1 <k <n—1,
such that Ay # xp.1. Therefore, taking m = k and p = k — 1, we get an
strict inequality in (3.2.4) and so, considering (3.2.2) and (3.2.3), the strict
inequality holds in (3.2.1), and the proof is completed.

Second proof to the Ky Fan’s inequality. Again, we prove equivalently (3.2.1),
with equality holding if and only if vy = 25 = -+ - x,,.

Consider the real-valued function f defined by

(x = (21,29, -+ ,x,) € 10,1/2]").

n

1—1'1'

=1
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Take an arbitrary number a in [0,7/2], and put

C,={z€]0,1/2]": sz = a}.

Let the continuous function f takes its absolute maximum on the compact set
C, at a point u = (uy, ug, -+ ,u,) € Cy. We show that uy = ug = -+ = u,.
Let, on the contrary, there exist two w;’s, say u; and us, such that u; # us.

Consider the point v = (vy,vq,- -+ ,v,) € C, where

(75} +U2
2 )

U1 = U2 = Vg = U3, "+, Up = Up.

It can be easily seen that, being equivalent with the trivial relation (u; —ug)?*(1—u;—ug) >

0, the following inequality holds

2
—UI;W > Uy Uz
1-— “12& 1—u 11— uz'

Thus,

u1tu2 2

s Uus Uy, Uy U us Up

f— .« > .« f— ,
1) (1—%2“2) l—ug 1—wu, 1—wl—-uyl—us 1-—u, fw)
which is a contradiction to our hypothesis. Therefore, uy = uy =+ = u, = %,
and for each =z = (x1, 29, -+ ,2,) € C,, we have
(6) ~re == (25) - (§)

with equality holding if and only if 2y =29 = - = x,,.

Now, since [0, 1/2]" = Uogagn/z C,, the proof is completed.
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3.3 The Inequality A” —G'< A" — G

In this section, we give two proofs for the inequality (3.1.5); one a discrete
proof using the Dinghaus identity (2.2.9), and the other an analytic proof
using Maclaurin’s method. Also, we will find (A — G) — (A" — G7') as a
finite sum of nonnegative terms and give some estimations on it.

First proof to the the inequality (3.1.5). If we use the Dinghaus identity (2.2,9)
for the positive numbers 1—x, 1—x5, - - - , 1—x,,, then because of 1 -z, —A) =

A — 251 (1 <k <n-—1), we have

AT -G (3.3.1)
n—1 k T . A 2

= > (%) (k—m+ 1A, " A1 = 2pg) - (1= ).
k=1 m=1

Since z; < 1 —x; and A; < AL (1 < i < n), we have apparently (3.1.5). If
n = 1 or 2, we always have equality in (3.1.5). Let n > 3. Clearly equality
holds in (3.1.5) if z; = .-+ = x,. Conversely, assume z;’s (1 < i < n) are not
all equal and, without lose of generality, suppose that r1 < xo < -+ < x,.

Then, taking m = k = n — 1, (L:"‘lffl;”*?, which is one of the terms
of (3.3.1), is strictly greater than (2=22=1)2A7=2  the corresponding term in

(2.2.9), and so strict inequality holds in (3.1.5).

Second proof to the the inequality (3.1.5). We prove equivalently
Gr—-Gr< A" AT (3.3.2)

in which, if n = 1 or 2, the equality always holds, and if n > 3, the equality

holds if and only if vy = 29 = 23 = --- = z,. Clearly, if n = 1 or 2, the
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equality always holds in (3.3.2).

Now, suppose that n > 3, and consider the real-valued function

n n

fa)=T[a-z) -]z (z= (21,22, ,2.) €[0,1/2]").

i=1 i=1

For each a with 0 < a < n/2, put

C,={zec[0,1/2": Zx = a}.

Clearly, C, is a compact subset of R". Let u = (uy, us, us, -+ ,u,) € C, be an
absolute maximum point of f on C,. We show that u1 = uy = uz = -+ = u,.
Let, on the contrary, there exist two different u;’s. We distinguish the two
following cases, and get contradictions in each of them.
Case 1. At least two u;’s are different from 1/2. We can suppose that u; # us
and ug # 1/2. Take v = (v1, 09,03, - ,v,) € Cy, where

Ul + Usg
2 )

U1 = V2 = Vg = U3, "+, Up = Up.

Ul —u2

2
5 ) > (0 and 1 — ug > ug, we have

Then, since (

£(0) ~ f(w)
_ (1_u1—£u2> —(1—u1)(1—uz>] (1—ug)-- (1 —uy,)

which is a contradiction.

Case 2. Exactly one of wu;’s is different from 1/2. We can suppose that
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U < % = Uy = ug = --- = u,. Clearly, %—a>0. Take an € with 0 < € <
5 —a(<1/2), and consider w = (w1, wa, w3, - - ,wy) € C,, where

n—1
w = a—

Y

N =
[NRNe

+¢€, Wy = w3 =

Wy = =W = o

which is a contradiction.
Therefore, uy = uy = ug = --- = u, = %, and so, for each x = (x1, 23, -+ ,2,) €

C,, we have

G = Gr=f@) < f) = (1-2) = (2) =" ap,

n n

with equality holding if and only if 1 =25 =--- = x,,.

Now, since [0, 1/2]" = Uogagn/Q C,, the proof is completed.

Now, we get the difference of (A" — G.") — (A — GI) as a finite sum of

nonnegative terms:
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Theorem 3.3.1.

N

=3~

)= (An—GR)

n—1 k m-—2 2
A .
- ZZ L : (k_m+1)AZ+1A;ck (A ) AP (1 — ) - -
k+1
k=1 I=1 r=0
n—1 k k—-m-—1
S (Y A A )
k1 k+144 A Ay k+2
k=1 1=1 r=0
n—1 k n
Tpi1 — Ay m “m
DS ( 2+1 ) 5 DA A (122,
k=1 I=1 r=k+2
where

(1 —=2xq) + -+ (1 — 2x)

A// —
F k

The proof follows by considering the identities

k
biby -+ by —ayag - - ap = Zal"'ar—l<br - ar)br+1"'bka

r=1

and

x>
—

v —a" =Y (b—a)a" .

T

Il
=)

Finally, using (2.3.7) and (2.3.8), we can find an upper and lower bound for
(A" = G) = (A7 = GL):

Theorem 3.3.2. [f0 <z <xy <--- <z, <1/2, then

(4" =G = (A, = G)) (3.3.3)
(n—2)(1 —22,)2" 3 <~k
2 - (Trs1 — Ax)
2 — k+1
_ _ n—3
> (n—2)(1 . 2z, )xl L2(n—1—1Inn)
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and

(4" =G = (A, = G)) (3.3.4)

< (n—2){1 - 2:261)(1 —o)"™ i: 2 _IT_ 1 (zhy1 — Ap)®

(n—2)(1—2z1)(1 — )"
- 2

M?*(n—1/2 —1nn),

where L and M are as in (2.3.9) and (2.3.10), and apparently M < 1/2.

Proof. Since 0 <1—x, <1—x, 1 <---<1—x, by (2.3.9), (2.3.10) and

(2.3.12), we have

(4" = G) = (A7 = GY)
1— 2,)"2 — "2 o k

=1

(1—22,) Y51 - x)x

($k+1 - Ak’)2

I
M

2 p k;+ 1
(n— 2)(1 —22,)a" 3 e~k ,
> —A
= kz:; k1 l"lc+1 k:)
—-2)(1-2 -3
_ o n—3
> (n—2)(1 . 2a,)x) I2(n—1—Inn),

since C,, < 1. The inequalities in (3.3.4) are achieved in the same manner.

<

3.4 The Inequality ALn — Ai HL — %

In this section, we suppose that z; € (0,1/2] (i =1,2,--- ,n). The inequality

1 1 1 1
< 3.4.1
A, A~ H, H (34.1)
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was discovered for the first time by J. Sandor [31]. There are several proofs
for (3.4.1), and one can establish it easily by the Jensen inequality applied for
the convex function f(z) =1 — = (0 < 2 < 1/2). Like as the two preceding
chapters, using the Maclaurin’s method [18], we give an analytic proof for
(3.4.1):

Proof of the inequality (3.4.1). For any € and a with 0 < ¢ < 1/2 and ne <

a <n/2, put

Coe={2r = (21,292, ,2,) € [¢,1/2]" sz—a}

Clearly, C, ¢ is a compact subset of R". Consider the continuous real-valued

function

n

fo) == 1L e m) €612,

1 —x; n T;
i=1 v i=1 7"

and let f takes its absolute maximum on the compact set C,. at a point
u = (uy,ug, -+ ,uy) € Cqr. We show that uy = uy = --- = u,. Let, on the

contrary, there exist two u;’s, say u; and wus, such that u; # uy. Consider the

point v = (vy,vq, -+ ,v,) € C, Where
U + Uo
V1 = V2 = 2 ) U3 = Uz, *++, Up = Up.
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We have

n(f(v) = f(u))

. 4 4 2 — U — U2 U + U2
2—U1 — Uo U + U2 (1-'&1)(1—’&2) U1U2
—(u1 — up)? (ur — up)®

(1 —up)(1 —u2)(2 —uy —ug)  uguz(ug + us)
(ug — u)?(1 — uy — ug)[2usug + (2 — uy — uy)]
gtz (g + ug) (1 —up) (1 — u2)(2 — uy — ug)

> 0,
which is a contradiction. Therefore, uy = uy = -+ = u,, = =, and so for each
€r = (Il)x% T 7xn> S Ca,ea
1 1 1 1 1 1
—_— = < — _——_— = — = —
g =W S I = e = g
with equality holding if and only if 1 = x5 = --- = x,,. Now, since

(0,1/2" = J{Car : 0 < € <1/2, ne <a < n/2},

the proof is completed.

3.5 Extension of Additive Analogues

In this section, we extend the inequalities (3.1.4) and (3.1.5) for arbitrary
powers. Throughout this section we assume that n > 2 is an integer and
T1, Ty, , T, are n given real numbers in (0, 1/2] not all equal. Consider the

continuous real-valued function F' defined by

F(z) = (A, — G.7) — (AT — G2) (—oo < x < +00).  (3.5.1)
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Clearly F(0) = 0. Also, It is proved in [2] that F'(—1) > 0. By (3.1.4) and
(3.1.5), F(1) < 0 and F(n) > 0. So, there exists an o € (1,n] such that
F(a) = 0. In the Theorem 3.5.2, we study the main behaviors of the function
F and show that « is the unique nonzero root of F'.

First, we prove the following lemma which is used in the proof of (iv) of the

Theorem 3.5.2.

Lemma 3.5.1. Ifa>b>c>d >0, then

T _
f(x):zx_dz (—00 < 7 < +00)

is an strictly increasing function on the real line. Moreover, f(x) — 0 (z —

—00) and f(x) — +oo (x — +00).

Proof. Let x and y with x < y < 0or 0 < z < y be two arbitrary real numbers.
We have f(x) < f(y) if and only if

v —dv  q¥— b

o — dz a:c_bw'

(3.5.2)

But, by the Cauchy’s mean value theorem, there are £ and n with d < £ < ¢

and b < n < a, such that

Cx_d:v

and

a¥ — by _ (ﬂ) _—

a® — b* x
Now, since 0 < £ <n, y/x > 0 and y — z > 0, we obtain (3.5.2), and so, f is

strictly increasing on the real line.
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The other assertions follows from
a® =b" (b v
& —dr \d

a® — b® <a>$1—(

Ca:_dz

and

Theorem 3.5.2. With the above notations, we have
(i) F(z) >0 for all z <0, and F(x) <0 for all0 <z < 1.

(i1) F is strictly convex and strictly decreasing on (—o0, 0], and we have lim,_,_, F(x) =
+00.
(11i) F(x) >0 for all x > n, and lim,_, ., F(x) = 0.

(iv) F has exactly two distinct roots; one zero and the other a € (1,n].

Proof.

(i) Given z € R, by the mean value theorem, we have
F(z) = (4, — G;)xém_l — (A = Gp)ag™ ™,

where G/, < & < Al and G, < £ < A,. Now, let x < 1. Then, since
0<&<A,<1/2<G <€, wehave &' < &1 So, by (3.1.4), F(z) <0

for all 0 <z <1, and F(x) > 0 for all x < 0.
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(i) We have

F'(z) = [A"(In4))* -G, "(InG,)*] — [AZ(In4,)* — Gi(InG,)?]

A (m é—) (AL G + (AT — GI7) (In G )?

— A7 <ln %) In(A,G,) — (A — G%) (InG,,)>.

n

Now, since for = < 0,
;T
0 <A <A,

n n)J

0 <— (A7 —G) < —(A* -G

and by (3.1.3) and 0 < G, < 4, < G, < A, <1,

Al A,
0 <1DG—;1 <lnG—n,

0 <(nG.)” < (InG,)?,

we get F”(x) >0 (z < 0), and so F' is strictly convex on (—o0, 0].
Since F”' is strictly increasing on (—oo, 0], by (3.1.3), we have

Al A
F'(z) < F'(0) =1 G—Z—lnG—:<0 (x <0),

and so F' is strictly decreasing on (—o0, 0].
Let L = lim,,_o F(z). We have L > 0. Since F'(0) = 0 and F is convex on
(—o0, 0],

1 1 1

F (g) < SF@)+5F0)=3F@) (2 <0).

Now, if z — —o0, we obtain L < %L, which implies that L = +o0.
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(iii) By the mean value theorem, we have
Fla) = [ = (@] = [ - @
= (A" =G S — (A - G Ty
n
where G/ < < AL™ and G < < A". Now, if x > n, then /=" > na 1,
which by (3.1.5), we get F(x) > 0.
Since, A,, Al,G,, and G|, belong to (0, 1), it follows that F(z) — 0 as x —

+o0.

(iv) For x # 0, we have F(z) = 0 iff f(z) = Aﬁ;:gg = 1. Now, since

A >G> A, > G, > 0, it follows from the Lemma 3.5.1 that f is strictly
increasing on the real line, and so, there is a unique « such that f(a) = 1.

Clearly, we have « € (1,n] and the proof is completed. O

Remark 3.5.1.

(i) It must be noted that the inequality (3.1.4) is stronger than (3.1.3), see [—].
So, if it is possible, it is better to use (3.1.3) rather than (3.1.4). For example,
for the proof of F(x) >0 (x <0) in (i) of Theorem 3.5.2, we may use (3.1.3)

instead of (3.1.4) in the following manner:

(%)"-]

00 A, k
= —A;a:Z(—xlnG—?) k!

I 1T /T

k=1
0o A k
> A —rln =2 k!
Z( =)
= A7 —-GY (x <0).
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(i) Since F' has two distinct roots and lim, 1o F'(z) = 0, F” has at least two

distinct roots. It will be interesting to show that whether F” has exactly two

distinct roots? The following Figure 1 shows the behavior of the function F

drawn for the special case n = 3; 1 = 1/2, 25 = 1/3 and x3 = 1/4:

|
olos A

|
0.04

0.0“2 B

Figure 3.1: y = F(x)

3.6 Two Refinements of Ky Fan’s Inequality

In this section, we give two refinements for Ky Fan’s inequality ,due to H.

Alzer [3], for the unweighted Ky Fan’s inequality. It must be noted that these

refinements can be easily extended to the case of arbitrary weights with a

little effort. In the proof of Theorem 3.6.1, the additive analogue (3.1.4) plays

a central role.
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Theorem 3.6.1. Ifz; € (0,1/2] (i=1,---,n; n>2), then

A 1-G
<

Gl T 1- AL

<Zm (3.6.1)

£

Equality if valid if and only if x1 =--- = x,.

Proof. The function f(z) = z(1—x) is strictly decreasing on [1/2, 00). Because
of 1/2 < G, < Al <1, we obtain f(A)) < f(G!) with equality holding if and
only if all the z;’s are equal. This establishes the left-hand side of (3.6.1).

Since A, + A/, = 1, we obtain from (3.1.4) that

which yields the second inequality of (3.6.1). If G,,(1 — G!)) = A? then we
conclude from the right-hand inequality of (3.6.2): A,, = G,; hence x1 = --- =

Ty O

Remark 3.6.1. From the double-inequality (3.6.2) we get the following sharp-

ening of the right-hand side of (3.6.1):

1- @,
<
1— AL =

G, A,
—nc 6.
2- S (3.6.3)

n

Equality is valid if and only if all z;’s are equal.
This is obvious for the second inequality of (3.6.3), and since equality holds in

(3.1.4) only if 1 = - - - = x,,, the same is true for the first inequality of (3.6.3).

Theorem 3.6.2. Ifz; € (0,1/2] (i=1,---,n; n>2), then

< (3.6.4)
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Proof. The validity of the second inequality follows immediately from 0 <
G, < A, < i and the fact that f(z) = x(1 — z) is strictly increasing on

(0,1/2].

To establish the left-hand inequality of (3.6.4) we define

s o) = (1Tt Tl - (12300 )

Let a = (a1, ,a,) € [0,3]™ be the absolute minimum of g. We prove a; =

-+« = a,, which implies

1 n
g(xy, -+ ) > glag, -+ ,a,) =0 for all (1, ,2,) € {0,5] ,

with equality holding if and only if z; = --- = x,,.

If a is an interior point of [0, %]", then we obtain
Vyg(ar, -+ ,a,) =0
such that aq,--- ,a, solve the equation
P(z)=-G,G,1—-2)—(1-G,)Gxz+2(1—A,)z(1—1z)=0.
Since P is a polynomial of degree 2, we conclude from

1
P(0) <0 and 2P(5)=1-G),~A, 21— 4, ~A,=0

that P has at most one zero on (0, 3); hence a; = -+ = @y,

1

Next we assume that a is a boundary point of [0, 5]”. We consider two cases.
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Case 1. No component of g is equal to 0. Then [ (> 1) components of a are

equal to % Without loss of generality, we may suppose

1
ak+1:~--:an:§, 1<n—-k=1<n-1.
We define
11*
h |:0,§:| —>R,
1 1
h — Z ... Z
(3717 79316) g(xlv $k727 72)
1 1 1 1
= Z[1—Z(2G)¥"M(2G) " — = + k(= — A 2,
2[ 2( Gr)""(2G),) [2+ (2 k)/n]
Because of

1
h(xy, -+ ,x,) > h(ay, - ,a;) forall (zy,---,x) € [0, —]k, (3.6.5)

2
we conclude that h attains its absolute minimum at a = (aq,- - ,ax). Since
0<a; < % (t=1,--- k), we obtain Vh(ay,--- ,a;) = 0, which implies that
ai,- - ,ay solve the equation

Q(x) = GG (22 —1) — (263" + (~2k Ay /n+ 1+ kfn)a(1—2) = 0.
We have Q(0) < 0 and
4@(%) (G — 24+ 140 (3.6.6)

with o = % € (0,1). If we designate the right-hand side of (3.6.6) by Q(a),then

Q is strictly concave on [0,1] and, since Q(0) = 0 and

Q1) =2(1 — Ap — Gy) >2(1 — A, — A,) =0,
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we conclude

Ok/n) > 0.

o |

Q3) =

1

Thus, @ has precisely one root on (0, 3), which leads to a; = - - - = a.

Now we prove that the function

is strictly decreasing on |0, %] . This implies

Man, ) = o) > h(5) = iz, 5)

which contradicts inequality (3.6.5). Differentiation of A yields, for z € (0, 3),

éﬁ/@;) _ i(l . —- %)[495(1 -9 - 5 L SR (367)
+1+a—2ax

with & = £ € (0,1). We denote the right-hand side of (3.6.7) by p(a). Differ-

entiation of p leads to
P'(@) = (20 —1)dz(l-2))* In(da(l-2))] - [2(1—2)]* ' [In(2(1 —2))]* < 0.
Hence we obtain, for a € (0,1):

P()>p(1) = (20— 1) In(da(l —2)) —In(2(1 —2)) + 1 —22.  (3.6.8)

We designate the right hand side of (3.6.8) by ¢(z). Because of g/(x) > 0 for

z € (0,3) and ¢(3) = ¢'(3) = 0, we conclude p’(1) > 0. Therefore p(a) <
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p(1) = 0 for o € (0,1), which proves that  is strictly decreasing on [0, 3.

Case 2. | (> 1) components of a are equal to 0. We assume
g1 =-=a,=0, 1<n—k=[<n-1,

and define

K 2
1
= 0.---.0) = 1—x)/"—[1-= .
90(3:17 axk’) .g(xla y Ligy U, ) ) H( QZ’) ( n;x)
We have for j =1,---k,

n —1 a a

J

with o = £ € (0,1). Since the function
la) = —(Gh)° +1 - ady
is strictly concave on [0, 1] and because of
P(0) =0 and (1) =-G,+1— Ay =—-G,, + A, >0,

we obtain

Y(a) >0 for «ae€(0,1).

Hence we have

1 k
plrr, e ae) 2 (00,00 =0 forall (zy,-- 25) € {0’5} |

Since ¢ attains its absolute minimum at @ = (ay,--- , ax), We conclude a; =

-+ =ay = 0. This completes the proof of Theorem-. O
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3.7 Applications

In this section we use mainly the results of this chapter in order to sharpen
and refine the well-known Ky Fan’s inequality and some of its variants, and
get some other new ones of them.

Application 1. If z; € (0,1/2] (i =1,--- ,n), then for any « > 0,
AL " (AT -GE) G (AT -GE)
AL\ SIS Ay (AL ST -
é, e e, | o
The inequalities in (3.7.1) become sharper as = decreases and when x — 0+,

equality holds in each of them.

AL 3—%<An< a (&)
(@) =a=@E)" b

Equality holds in each inequality if and only if z; = -+ = x,,.

Also, we have

Since the exponents are greater than or equal to one (here, in the case of

x4 = -+ = x,, the expression % is understood as one), the left-hand inequal-

ities in (3.7.1) and (3.7.2) sharpen (3.1.3), whereas the right-hand ones give
some inverses of it.
The proof of (3.7.1) in the nontrivial case, follows immediately from the fol-

_ A
=

lowing lemma, taking a = é—z and b

Finally, (3.7.2) follows from (3.7.1) by taking x = 1 in the left and x = n in
the right, and considering (3.1.4) and (3.1.5).
Lemma 3.7.1. Ifa > b > 1, then

—x_q

b1 < a < bITT (x > 0). (3.7.3)
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The inequalities become sharper as x decreases and when x — 0+, equality

holds in each of them.

Proof. We can prove (3.7.3) by the usual differentiation method, but we prefer
to establish it by integration only.

Fix a z > 0. Integrating both sides of the trivial inequality
bt > q " (t>0)

with respect to t from zero to one, we get

b= —1 - a -1
—zlnb —zlna’

which gives the first inequality in (3.7.3).
Similarly, the second inequality in (3.7.3) is achieved by integrating both sides
the trivial inequality

bt < a™ (t>0)

with respect to t from zero to one.

Since, a > b > 1, by the Lemma 3.5.1, the functions

o — 1 (1/b)* — (1/a)*

b |
e —1 i1y
and
a® —1 a® — b*
_1. LY
1 T o1

are strictly decreasing and strictly increasing respectively. Therefore, the in-

equalities in (3.7.3) become sharper as x decreases; the best ones, actually
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equality, are obtained when x — 04, and the worst ones, actually b < a < +o0,

are obtained when z — “+o0. O

Application 2. If z; € (0,1/2] (i =1,--- ,n), then

AL G A G
(CInA ) (—InG)F = (—InA)F  (—InG,)F

(3.7.4)

(2> k=0,1,-).

In particular, when x = k = n,

Al " G " A " G "
. - . > - - - : 7.
(—lnA;) <—lnG;Z) - (—lnAn> (—lnGn) (3.7.5)

Except than the trivial case k = 0 and x = n = 2, equality holds if and only

ife;=---=u,.
Taking © = n and k = 0, it is clear that the inequality (3.7.4) is an extension

of (3.1.5).

Proof. Clearly equality holds if z; = --- = x,,. Suppose that z; (i =1,--- ,n)

are not all equal. By (iii) of Theorem 3.5.2, we have
A -G > A - G? (x >n).

Integrating both sides of this inequality from x to +o0, we get

ALt G Az Gz

—In Al —1nG§1>—lnAn_—lnGn

(x >n).

Now, (3.7.4) follows by induction on k. O
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Chapter 4

On the Triangle,
Cauchy-Schwartz and Bessel
Inequalities in Inner Product

Spaces

In this chapter, using the generalized Hermite-Hadamard Inequalities, we refine
the well-known Triangle and Cauchy-Schwartz inequalities in inner product
spaces. Also, we give out a generalization of an inequality due to Boas and
Bellman which generalizes, in turn, the well-known Bessel inequality in inner
product spaces. Some related results are also pointed out.

Throughout this chapter, we suppose that X is an inner product space over

the real or complex number field K with the inner product (.,.) and the norm
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4.1 Some Refinements of the Triangle and Cauchy-

Schwartz Inequalities

In this section, using the generalized Hermite-Hadamard (1.1.4), we obtain an
inequality in inner product spaces, which in turn, it refines the well-known
Triangle and Cauchy-schwartz inequalities.

First, we prove the following useful lemma which is the key stone of our results.
Lemma 4.1.1. For any two elements x and y of X, we have
1
o= ol [ llto-+ (1 = ylas (111)
0
= A8z, y) L7 (el + lyll + llz =yl 2l + llyll = ll= = yl)

+ i(!IrH + Iyl [l = ylD? + llz = ylI°]

where

S(a,y) = VPP~ )P ~ [ly)(P — llz — 1) (4.1.2)

(P _ =l Hy|!2+ I — yH) |

s the area of the triangle generated by the vectors x, y, and x — vy, and the

logarithmic mean L is defined for each a,b > 0, by
a if a=0,

L(a,b) = (4.1.3)
lnll;:lana Zf a # b.

66



(By continuity, If a or b is zero, we put L(a,b) = 0.)

Proof. 1t is sufficient to consider the case of x # y. By a simple computations,

we have

/0||t:v+(1—t)y||dt = /O\/<tx+(1—t)y,t:c+(1—t)y>dt (4.1.4)

1
= | VIe=ylPE 2 Rele — g + TP
0

Using mathematical tables or calculating directly, we get

/\/at2 + 2bt + cdt (4.1.5)
ac — b* 1/2 1
= ————In(at +b+a’"Vat®+2bt + c) + —(at + b)Vat? + 2bt + ¢,
2a3/2 2a

where a > 0 and A’ = b? — ac < 0.

Now, since in (4.1.4), a = ||z — y||* > 0 and
A'=Re*(z —y,y) — |lz — yl*|yl]> = Re*(z,y) — [|=]*[ly[|* <0,
we have

1
/ ltz + (1 — t)y||dt (4.1.6)
0
Iz ll”lyll* — Re*(z, ) . Yyl + Re(x —y,y) + ||z — ylll|=|
2|z —y]|3 Re{x —y,y) + |lz — yllllyll

*igéapKWW—RdawMMWJ%u—ywmwy

But, we know that

2 2 e 112
Ree, gy = L4 W2 —llr =P
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So, we have

and

Iyl — Re*(z, ) (4.1.7)

= (zllllyll = Re(z, ) (=l lyll + Re(z, v))

ez —yll* = Alzll = [l D] [l + 1y )* = ll2 = yll*]

(e =yl = llzl + gDz =yl + Nzl = llyl)

N e~ B

Xzl + lyll = llz = gDzl + lyll -+ llz = yll),
lz = ylI* + Re(w =y, ) + |z =yl || (4.1.8)

|l][* = Re{z, y) + [l= — yll |||

(e = yll + ll=D)* — llylI*
2

1
Uz =yl +llzll = gDz = yll + llll + llyll),

Rez —y,y) + [l = ylllly (4.1.9)

= Re(z,y) — lylI> + [|l= — yllllyl]

l* = (= — yll = llyl)*
2

1
= Sl = llz =yl + llyl izl + llz =yl = llyl),

(I]* = Re(z, 9)) [l2]] — Re(z — y, Iyl (4.1.10)

= (Il + [yl (= =z llly ] + llyll* — Re(z, )

)(Iliv|| — llylD? + [l — gl
5 .

=zl + vl
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Therefore, by substituting (4.1.7), (4.1.8), (4.1.9), and (4.1.10) in (4.1.6), and

using (4.1.2) and (4.1.3), we get (4.1.1), and the proof is completed. O

Theorem 4.1.2. For any x and y in X, we have

2z —yl?z +y (4.1.11)
< 165% (2, y) L (|l + lyll + = = yll, =]l + 1yl = [z = )

+ (2l + ) [l = 1y 1)* + [l = yll?]

< 2llz —yl*(lzl + llyl),
which 1s a refinement of the Triangle inequality.

Proof. Take ¢ : X — R, ¢(x) = [|z]| in (1.1.4), and use (4.1.1). O
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Corollary 4.1.3. If ||z|| = ||ly|| = 1, then

lz+yll <

Re(r,y) <

Re(z,y) >

IV

v

v

Re(z,y) <

IN

IA

IN

Re(z,y) >

v

>

(1+Re(z,y) )L 2+ lz —yl,2 = [z —yll) + 1 < 241.12)
~1+ L2+ ||z =y, 2~ [z — y]) (4.1.13)
—1+I12+ [z —yl.2— [l —yl)

L,

1+ (lz+yl =D)L+ [z —yll.2— = —yl) (4.1.14)

1+ [z +yll(lz +yl - 17

|l + yl?

-1
o 2

(e +yll = 1)"
~1

Y

1=(lz =yl =D)L+ [z +yll,.2—[lz+yl)  (4.1.15)

L=z =yl(lz -yl - 1)"
|z —yl?
e
1,
1—L2+|lz+y|,2—|lzr+y|) (4.1.16)

1=12+lz+yll, 2=z +yl)

_]_7

where for each real number a, a* = max(a,0), and the identric mean I is

defined for each a,b > 0 by

I(a,b) = e (4.1.17)
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Proof. Since ||z|| = |Jy|| = 1, we have

165%(z,y) = (Il + vl + ll= = yDUyll = =l + = — )

X

Ul =Nl + [l =y Azl + lyll = llz = yl)
= (4=l —yl*) Iz -yl

= 2(1+ Re(z,y)) |z — yI?

which by substituting in (4.1.11) and dividing each side of (4.1.11) by 2||z—y||?,
we get (4.1.12).

The inequalities in (4.1.13) and (4.1.14) follow from (4.1.12) and
H(a,b) < Gla,b) < L(a,b) < I(a,b) < A(a,b),

where

2
H(a,b) = ﬁ,
a b

a+b
2 b

G(a,b) = Vab,  A(a,b) =

are the harmonic, geometric, and arithmetic means of nonnegative real num-
bers a and b respectively; see i.e. [11-16].
Finally, (4.1.15) and (4.1.16) follow from (4.1.14) and (4.1.13) respectively, by

taking —y instead of y. O

Corollary 4.1.4. If x and y are orthogonal in X, then

lz +y|? (4.1.18)

IN

2021l I L= el + Tyl + e =yl ]+ iyl = e = yll) + 2l + [ly]1®

< A+ yllPUl + lyl),
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and

2][[llyll

Al (4.1.19)
]l + 1yl
< Lzl + lyll + [l = yll =l + [yl = l= = yl)
eyt
lz + 9l = ll=[]® = lyl®
Proof. Since (x,y) = 0, we have
lz =yl = llz +ylI* = l=]* + [ly]%, (4.1.20)
and hence
165%(z,y) (4.1.21)
= (Il + iyl + llz = ylD el + Tyl = fle =yl
Xl =Nyl + Mz = yIDdlyll = llzll + llz = yll)

= [l +1yD* = llz = yl*] [z = yl* = =]l = yl)?]

= 4lzl*llyl*

Now, (4.1.18) follows from (4.1.11), (4.1.20) and (4.1.21).

The inequalities in (4.1.19) follow immediately from (4.1.18) and (4.1.21).

4.2 Some Generalizations of Bessel’s Inequal-
ity

If (€;),—15 are orthonormal vectors in the inner product space X, i.e., (e;, ¢;) =

9, for all i, 5 € {1,--- ,n} where §;; is the Kronecker delta, then the following
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inequality is well-known in the literature as Bessl’s inequality (see e.g. [21, p.

391]):

n

> e P<) @ | for all z € X. (4.2.1)

i=1
In 1941, R.P. Boas [10] and R. Bellman [8] proved the following generalization

of Bessel’s inequality (see also [21, p. 392]):

If x,y1,--- ,y, are elements of an inner product space X then the following
imequality
n 1/2
> e Pl | | max |y, |* + ( > 1 ww) I2> (4.2.2)
i=1 == 1<i#j<n
holds.

A recent generalization of the Bellman-Boas result was given in Mitrinovi¢-

Pecarié-Fink [21, p. 392] where they proved the following

If x,y1, -+ ,yn are in X and c1,--- ,c, € K, then one has the inequality
n 2 n 1/2
2 2 2 2
Sedey)| <l le P | max [ + ( > lwew) ) 123)
i=1 i=1 - 1<i#j<n

They also noted that if in (4.2.3) one chooses ¢; = (x,y;) then this inequality
becomes (4.2.2).

In this section, we give out some the most recent generalizations of inequality
(4.2.3) due to S.S. Dragomir and B. Mond [14]. Certain related results are also

noted. We start with the following:

Theorem 4.2.1. Let z;,y; € X and o, 5; e K (i =1,--- ,n).
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If1/p+1/g=1, 1/7’—1— 1/t =1 and p,r > 1, then one has the inequality

Z Oéiﬁj(%', yg

,j=1

<Z|am22m| Bla,p, @)Bly Byrt)  (4.2.4)

where

1/q
- "y PP
Bz, c,p.g) = max || i | + 2z [0 1) (Z (e, y) |q>

2
1<i<n Dict | o 1<ij<n

and

T = (l’i)i:L_m Q= (ai)izl,_n7 Y = (¥i)s —1n and B =(8i)i—tn

Proof. By Schwarz’s inequality in inner product space X, we have that

2
S s o) |<zzm> <
1,j=1
<[ Za zi |7 Zﬁzyz 1= Z i (i, ;) Z BiBi(yi, yi) = (4.2.5)
2,j=1 3,7=1
= | >z w)| | Y BB ys)| <
ij=1 ij—=1
< i llag |l @zl Y 161185 | (i)
i,j=1 t,j=1

Now, let us note that

Z | i [ o || (@i 25) !—Zlaz! lai P4+ Y0 Taullag Il (e ) |

1,7=1 1<i#j<n

By Holder’s inequality for double sums and for p,q with 1/p+ 1/q = 1 and

p > 1, we have:

1/p 1/q
> |Oéi||04j|!<xz‘a$j>|ﬁ< > |Oéi|p|04j|p> (Z |<l’vz7%‘>|q>

1<i#j<n 1<izj<n 1<izj<n
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n 1/p 1/q n 2/p 1/q
S(Zm | o |p> (Z | (i, ;) |q) =(Z|az- |P) (Z [ (i) |q>

ij=1 1<i#£j<n i=1 1<i£j<n
Therefore,
n
o laillag ] @i,z |<
ij=1
1/q
n n . |P\2/p
(Dicy | i [P)
<> lail e e ZZ"I |;A E Yo Haa) =
i=1 - i=1 v 1<i#j<n

n
- Z | Q; |2 6(%,0&,p,q>-
=1

By a similar argument, we have

S 1B B I orys) 1< By, B, t) > | 6 [P
=1

ij=1

Finally, using the above, inequality (4.2.5) gives the desired result (4.2.4). O

Corollary 4.2.2. With the above assumptions for x;,y;, o, 0; (i = 1,-+- . n)

we have the following:

Z | i3 (i, ;) < (4.2.6)
ij=1
n n 1/2
IONEY: [m I u2+( S |)] .
i=1 i=1 == 1<i#j<n
1/2
2 2
x llrga;; I i | +< > 1wy )] -
1<i#j<n

The result follows from the theorem by choosing p = ¢ =2 and r =t = 2.

Another special case is the following:
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Corollary 4.2.3. Let (y;);—1;; € X and ¢; € K (i = 1,--- ,n). Then, for all

r,t with 1/r+ 1/t =1 and r > 1, we have the inequality

| Zci<£€,yi> ?< (4.2.7)

n n Lt
iy Le )"
<@l el | max ||y ||* +-55 > Ty
=1

1<i<n > e ? 1<i#j<n

for every x € X.

Proof. The result follows from the theorem by choosing

ap=1 ap=---=a,=0,
Ty =, Tg =" =T, =0,
and 5, =¢;, (i=1,---,n). We omit the details. O

Remark 4.2.1. If in the inequality (4.2.7), we choose r = t = 2, we recover

inequality (4.2.3) due to Mitrinovié¢, Pecari¢ and Fink.

Remark 4.2.2. 1f in (4.2.7), we put ¢; = (x,y;), then we obtain the inequality

> | (@) I (4.2.8)

1/t
(i | ) )P
< | | max [y |* +== > [ iy !

Note that for r = ¢t = 2, from the inequality (4.2.8), we easily deduce the result

of Boas and Bellman.
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Theorem 4.2.4. Let z;,y; € X and oy, f; € K (i =1,--- ,n). Then one has

the inequality
2

Z (T, yi)| < (4.2.9)

ij=1

S Z | Q; |2 Z | 51 |2 V<x7a7p7Q)V(yvﬁar7t)
=1 =1

where

1/p 1/q
o (S i P a) 1) (Sicisian | 0 9] (i) 1)
V(xaaapa Q) = max || Z; || +

122, Sl P

and
T = (mi>z‘:171,7 o = (Oéi)izfna Y= (yi>z‘:1,77 p= (@')i:?

and 1/p+1/q=1, 1/r+ 1/t =1, p,r > 1.

Proof. As in Theorem 4.2.1, we have the inequality

2 n n
<> laillag [ (i) | D 168165 1 (i) |

1,7=1 3,j=1

> bl y;)

3,j=1

. Now, by Holder’s inequality, we deduce that

n n
dolaillagll (woa) =Y lai Pllas [P+ ) laillay ] (@i, a) |
ij=1 i=1 1<i#j<n

1/q

1/p
(Zrcimsan |00 1Pl @ia) 1) (Licimien | 0 9] i) 1)
Do | i |?

n
<>l |
_'1|ozz| gg%lllel +
=

=3 2 v(w,a,p.q)
=1
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By a similar argument, we have

D BN B 11 i wsd 1 D1 B vy, B,),
ij=1 i=1
from which we get the desired inequality (4.2.9). O

Corollary 4.2.5. With the above assumptions for x;, y;, v, 3; (i =1,-+- ,n),

we have the inequality

2

> aibilwiy)

i,j=1

n n
Drcizjen | 0 [P] (i 25) |
< lalPY 15 P [gggminu S|
i=1 i=1 - =11

Yoicizi<n | Bi 1P (Wi y)) |
x| max ||y |2+ S0z L2
1<izn Zi:l ‘ ﬁz‘

The result follows from the theorem by choosing p =¢ =2 and r =t = 2.

< (4.2.10)

Another special case is the following:

Corollary 4.2.6. Let (y;),—15 be vectors in X and ¢; € K (i = 1,---,n).

Then for all r,t with 1/r + 1/t =1, and r > 1, one has the inequality
Z Ci<x7 yz)
i=1

1/r
(Zlgi;&jgn | ci "] yir y5) ‘) (Zg#jgn | ei '] (i ys) |>

2
< (4.2.11)

1/t

n
<[z )* ) lel* | max |y |* +
izl z 1<i<n - Dl ?
forallz e X

Proof. The result follows from the above theorem by choosing

oap =1, apg ==, =0;

78



1 =T, Tg = """

B = ¢ (i
We omit the details. O
Remark 4.2.3. If in the above inequality we choose r =t = 2, we obtain the

inequality

2
<

Z Ci<x7 y2>
=1

(4.2.12)

n
> i<izj<n | Ci | (v Yj) |
<z )P el [m I [P+ SR
i=1 - =11

which is similar, in a sense, to inequality (4.2.3) due to Mitrinovi¢, Pecari¢ and
Fink.

Remark 4.2.4. If in inequality (4.2.12), we choose ¢;

(z, i), we get

Do ey P<
i=1

2
i T, Yi iy JJ
<||z | max i |12 +Zl<z#]§n’ <’ <y> ’>‘|iy Yj) | (4.2.13)
Sesn i=1 | \T, Yi

which is another generalization of Bessel’s inequality similar, in a sense, to the

Boas- Bellman result (4.2.2).

For some other recent generalizations of Bessel’s inequality, see the papers

[15] and [17] and Chapter XV in the book [21].
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Chapter 5

Some Refinements of Jensen’s
Inequality And Their

Applications

Jensen’s inequality is sometimes called the king of inequalities because it im-
plies at once the main part of the other classical inequalities (e.g. those by
Holder, Minkowski, Young, and the AGM inequality, etc.). Therefore it worths
to study it thoroughly and refine it from different points of view. There are
numerous refinements of Jensen’s inequality. In this chapter, first we refine
the general discrete Jensen’s inequality and then extend them to their integral
forms in the important case of real-valued functions. At the end, using these

refinements, we give several important applications in various abstract spaces.
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5.1 Introduction

Throughout this chapter, we suppose that C be a convex subset of a real
vector space, x1, -+ ,r, € C, and ¢ : C — R a convex mapping. Also, we
suppose that in the discrete case, p1, -+, t, and Ay, --- ;A\, are nonnegative

real numbers such that

=1 =1

We always mean by a (discrete separately) weight function, a mapping
w:{(i,j): 1<i<m, 1<j<n}—|[0,00),

such that

and

3

w(i,j)A; =1 (i=1,---,m).
j=1

More generally, we suppose that u and A are two probability measures on some
o-algebras on some sets X and Y respectively, and by a (separately) weight

function on X x Y we mean a mapping w : X x Y :— [0, 00) such that

/ w(z,y)du(z) =1, for each y inY,
be

and

/ w(z,y)dA\(y) =1 for each z in X.
Y
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Also, we say that a quadratic matrix A = [a;j],,x, With nonnegative entries is
a double stochastic matrix if the sum of each of its rows and columns is unit,

that is

and
Zaijzl (Z:l,,n)
j=1

If w; and wy are two weight functions, we denote by ¢, ., the real-valued

function

bt = 3o (S iy +tin ) (005 0
i=1 j=1

and also if B = [b;j]nxn and C' = [¢;j]nxn are two double stochastic matrices,

we put

) 7j=1

More generally, if w; and ws are two weight functions on X x Y, C =1 is an
interval of R, and f : X — [ is in L*(u), we denote by ¢y, ., the real-valued

function

¢>w1,w2(t)Z/Yso(/Xf(x)[(l—t)wl(%y)+tW2(fan)}du(I)) dA(y) (5.1.3)

(0<t<1),

which is meaningful according to Theorem 5.3.1.
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5.2 Some Refinements of discrete Jensen’s
Inequality

According the discrete Jensen’s inequality we have

@ (Z Aj%‘) < Z)\j@(%‘)-

In this section, we refine the discrete Jensen’s inequality by one and two weight

functions.

Theorem 5.2.1. If w is a weight function, then
@ (Z Aj%‘) <D (Z w(i,j)/\jmy) <D Nelr;). (521
j=1 i=1 j=1 j=1
Proof. By the convexity of ¢, we have
> hip (Zw(@j)%) < D> mwli)Ae(e)

i=1 j=1 i=1 j=1

n

- (Z mw(i,j)) Ajp(a;)

j=1

= > Npl)),
j=1

and
> g < w(%]’)&%) > ZZMM@ﬁ%‘%)
=1 j=1 i=1 j=1
= o> <Z Mw(i,j)> >\j517j>
j=1 \i=1
j=1
and the theorem follows. O

83



Now, we give an important special case of (5.2.1), when m = n and p; =

Corollary 5.2.2. If A = [aj]nxn s a double stochastic matriz, then

IR AR . - p(z) + -+ p(zn)
Ty o s | < . (5.2.2
() 1) S

Proof. Take w(i,j) = na; and p; = A\; = = (i,j = 1,--- ,n) in Theorem

5.2.1. U

Next, we give a refinement of the discrete Jensen’s inequality via two

weights functions.

Theorem 5.2.3. If w; and wy are two weight functions, then
(1)
© <i Aﬂj) < Punn (t) < ZAJ'%O(%‘) (0<t<1), (5.2.3)
j=1
(ii) For each i, the function

t— (Z[(l — b (i,) + thu,mw) (0<i<),

J=1

and 50, @y, o, S CONVEL.
(iii)
n 1 n
o Xohe ) < [ wmt <Ntz G2
=1 0 j=1
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In particular, if C is an interval of R,
¢ (Z w) < > A (so; > wili, A, Zw(i,mﬁﬁ)%)
j=1 i=1 j=1 j=1
< > Ne(x),
j=1

where the arithmetic mean A is defined for an integrable f over an in-

terval with end points a and b, by

A(f;a,b) (5.2.6)

(iv) Let p; > 0 with P, = Z?lei > 0, and t; be in [0,1] for alli=1,2,--- k.

Then

k

n k
@ (Z )\jxj> S ¢w1,w2 (%k sztz> Z z¢w1 w2 t I5 2. 7)
j=1 i=1 =
< Y Ne(x;),
j=1

which 1s a discrete version of Hadamard’s inequalities.

Proof.

(i) Since for each ¢ in [0, 1],
(i,7) — (1 = wi (i, ) + twa(i,j) (1<i<m, 1<j<n)

is a weight function, (5.2.3) follows from Theorem 5.2.1.

(ii) Let o, § > 0 with o+ = 1 and t1,ts be in [0, 1]. For each i with 1 <i < m,
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we have

2 (Z[(l —at; — ﬁtQ)wl(i,j) + (Oétl + ﬁtg)tdg(i,j)])\jxj>

Jj=1

= ¢ (CV D L= t)wn (i, 4) + trwn (i DIz + 8 [(1 = to)wn (i, 5) + thg(z‘,j)]ijj)

j=1 j=1

< ap (Z[(l — w1 (i, j) + t1w2(iaj)]/\jxj> + By (Z[(l —ta)wi (i, j) + t2w2(i7j)]>\j$j> ;

j=1 j=1

and (ii) follows.
(ili) ¢, w, being bounded and convex on [0, 1] is integrable on [0, 1], and by (i)
we get (iii).

If C is an interval of R, then by the change of variables

n

u=Y [(1—t)wi(i, ) + tws(i, )|\,

j=1
we have
1 m 1 n
| tmntdt = S [0 (300 = 0rid) + b s, )
0 i=1 0 j=1

i=1 j=1 j=1
which by substituting it in (5.2.4), we get (5.2.5).

(iv) The first and the third inequalities in (5.2.7) are obvious from (i), and
the second inequality follows from Jensen’s inequality applied for the convex

function ¢, w,- O

Corollary 5.2.4. If B = [bij]lnxn and C = [¢ijlnxn are two double stochastic

matrices, then
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(i)

. (W) < dpofty < LT ) ooy <) (508)

(i)

o (W) < /01 opo(t)dr < £ +'T'l'+90(x"). (5.2.9)

If C is an interval of R, then

T —l— L. + l’n 1 n n n
@ (1—> < - A (90; > by, Zcz’jxj) (5.2.10)
n [ j=1 j=1
o @)+ + o)

)
n

where A is defined by (5.2.6).

Proof. Take wy (4, j) = nbij, wa(i, j) = neij, \i = pi = % (t,7=1,---,n)in (i)

and (iii) of the Theorem 5.2.3. O

A lot of simplifications occur if we take
bij = dij and ¢ = dinp1—; (5,5 =1,---,n), (5.2.11)

where 6;; is the Kronecker delta.

Theorem 5.2.5. For the double stochastic matrices I = [0;j]lnxn and J =

[in+1—jlnxn, we have
(i) For eacht in [0,3], ¢ry(5+1t) =1y (3 —1).

(ii) max{g; (t): 0 <t <1} = d;(0) = ¢y (1) = Llttelen)

n
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(iii) min{er (1) : 0 <t <1} =y (3) = 20, o (Bat) /n,

(v) ¢r1,5 is monotone decreasing on [0, 3] and monotone increasing on [3,1].

Proof.

(i) Since

n

¢r1,.4(t) = % > o1 =)z + tan ), (5.2.12)

=1

for each ¢ in [0, 1], we have

L) 1 - L, L,
¢I,J(§_> = H,_ 80((5‘1‘)3%4-(5— )%H—i)
BRES L, L,
"2 o((z) ot (3-1) =)

(ii) It is obvious from (5.2.12), and (i) of Lemma 1.1.1.

(iii) If ¢7,y (3) is not the minimum of ¢; ; over [0,1], then by (i), there is a

0<t< %, such that

o1, (% — t) = ¢r,y (% + t) < Q1,7 <%) :

But, using the convexity of ¢ ; over [0, 1], we have

¢1,7 (%) < %QbI,J <% - t) + %QbI,J <% +75) < ¢, (%) ;

a contradiction.

(iv) It is obvious from (iii), and (v) of Lemma 1.1.1 . O
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5.3 Some Refinements of the Integral Form of

Jensen’s Inequality

In this section, using the terminologies of the section 5.1, we refine the integral

form of the Jensen’s inequality (1.1.2) via one weight function.

Theorem 5.3.1. Let (X, A, ) and (Y, B, \) be two probability measure spaces
andw : X XY — [0,00) be a weight function on X X Y. If I is an interval of

the real line, f € L*(u), f(x) € I for all x € X, and ¢ is a convex function

Lo ([ @t ) )

has meaning and we have

w(/deu) S/ (/ f(@)w(z, y)du(x )) dA(y) S/X(smf)du. (5.3.1)

Proof. The functions w and (z,y) — f(z); and so

on I, then

(z,y) = f(z)w(z,y)

are product-measurable on X x Y. Now since
| [ @etenarxmdut (5:32)

=[5 ([ i) i)

= [ 1r@ldute) = Ifl1g0 < o
X

by Fubini’s theorem, the real-valued function (x,y) — f(z)w(z,y) on X XY

belongs to L'(u x X). Therefore for A-almost all y € Y; the function x —
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f(z)w(z,y) belongs to L'(u). Fix an arbitrary € I. Define F : Y — R, by
= [ f(@)w(zx,y)du(x) if the integral exists, and F'(y) = o otherwise. By

Fubini’s theorem we have F' € L'()). It is easy to show that F(y) € I (y € Y).

Lo ([ st ) axo = [ o Fiuaw

has meaning and is an extended real number belonging to (—oo, +00]; see e.g.

So

[28]. Now since (z,y) — f(x)w(z,y) belongs to L'(u x A), by (1.1.2) and and

Fubini’s theorem, we have

[ (/f W)duta) ) A
_ /(cpoF)( (/YF JAA(y )
- @E//f () )

= ¢

= o[ san).

and the left-hand side inequality (5.3.1) is obtained.

For the right-hand side inequality in (5.3.1), we consider two cases: If [, (pof)du =

+00, the assertion is trivial. Suppose then, p o f € L'(u). Take an arbitrary

y € Y such that x — f(x)w(z,y) belongs to L' (i), and put
dv¥ = w¥dp,
where

W (x) = w(z,y) (x € X).

90



Trivially (X, A, ¥) is a probability measure space, f € L'(v¥), and

=/Xf<x> (e, y)dp( /f ) (z

Thus, by Jensen’s inequality (1.1.2), we have

(0o F)(y < / F@)dv(z ) / (0o . (5.3.3)

Since @ o f € L'(u),
/ / (9 0 £)(@)lwle, y)AA(y)du(z) (5.3.4)

— / (@ o f)(x)|du(z )/Yw(wyy)dMy)
_ /wo 2)|du(z) < oo,

and so for A-almost all y € Y; the function z — (¢ o f)(x)w(x,y) belongs to

L'(u) and for these y’s, we have
[ ot nuta) = [ (oo i) (535
Thus, by (5.3.3) and (5.3.5), for A-almost all y € Y

(0o F)(y) < /X (00 H)@)w(z, y)d(2). (5.3.6)

Denote temporarily the right-hand side of (5.3.6) by ¢ (y). (Put ¢(y) = 0, if the
integral does not exist.) Since by (5.3.4), ¥ € L*(\), from (¢ o F)T < ¢t (-
a.e.), we conclude that [, (¢ o F)Td\ < [, ¢Hd\ < co.

On the other hand, we know that [, (¢ o F)"d\ < co. Thus g o F € L'()),
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and so by Fubini’s theorem,

[o ([ soreteninn) o
_ / (p o F)(y)dA(y) < /Y U(y)dA(y)
_ / / 00 F)(@)w(, y)du(x)dA(y)

- /X(gpof)(x)d,u($)/yw(l'>y)d)‘(y)

= /X(so o [)dp.

This completes the proof. O

5.4 Applications

Throughout this section, we use the terminologies and results of section 5.2

and get some remarkable inequalities in various abstract spaces.

Application 1. Let z1,x9,- -+, x, be n nonnegative numbers. Then, we have
n m n Hi n
)\.
ijj < H (Zw i, 1) :1:]> < Z)\jxj, (5.4.1)
j=1 i=1 \j=1 j=1

(We put 0° = 1.)

n m n n Hi n
Hl";j < H [[ (Zwl(i,j))\jiUpZw2(i>j)/\j93j)] < ZAJ'%'? (5.4.2)
i=1 Jj=1

Jj=1 J=1

where the identric mean [ is defined by ().

In Particular

L etz
Jims ey < o [ agey < T2 (5.4.3)

. - n
=1 j=1
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A/ T1T " Ty S g HI (Zbijxj,Zcijxj> S $1+$2+”‘+xn, (544)

. n
=1

VTl Ty < ’i
7
a:1+x2

VX129 S ](Il,l‘g) S 9 s (546)

j=1 j=1

=

I1+$2+"‘+In
n

: (5.4.5)

=

IN

[<xi7 $n+1*j)
1

and

2 2 1\" 1 1\"
PR L) <o/ (1 o) (5.4.7)
2n +1 n n n

Proof. 1f we take ¢ : (0,00) — R, ¢(x) = —Inz in (5.2.1) then we have

—In (i)\j%) < Z,uzln (Z w(i, J)A, :c]> < Z)\ Inz;,
j=1

7j=1
from which (5.4.1) follows.

Since an antiderivative of Inx is x Inx — z, we have

Al Y wi(6,5)N ey, Y waliy f)Nrs) = —InI(> wi(, )N,y wali, j)A),
Jj=1 j=1 j=1 j=1

which by substituting in (5.2.5), we obtain (5.4.2).

The inequalities (5.4.3), and (5.4.4) follow from (5.4.1) and (5.4.2) by taking
w(i, J) = naj, wi(i,J) = nby, wa(i,j) =ncy, \i = p; = % (4,7 =1,--+,n).
The inequalities in (5.4.5) follow from (5.4.4) by taking b;; = §;; and ¢;; =
Simt1—j (4,7 = 1.---,n). The result (5.4.6) is immediate from (5.4.5). If we

take 1 =n, o =n+11in (5.4.6), we get (5.4.7). O
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Application 2. If (X, A, i) is a measure space, p > 1, and fi, fo, -+, fn
belong to LP = Lp(,u) then we have

<XM@Z HAE

» —

< ZA L5117, (5.4.8)

(ZMMJAW ZMNJAM)

Al

1

Ms

FM%

(2

3

<.
Il

where the p-logarithmic mean is defined for a,b > 0, by

a if a=0"0,
L,(a,b) = U (5.4.10)
ppt+1_gpt+1 f b
[@%w] if a#b
In particular
n p
it hlfP L [fallp + -+ Ll
‘ T < — Zaijfj < P 0 p, (5411)
i=1 || j=1 v
fl ++fn p 1 n n n
it eSS (Snlsl Saln)| Gar)
p i=1 j=1 J=1 1
Al Al
— n )
R 1] PR R
e < LB ], G413)
Al
B n
If moreover, p is an integer, then
- p Z?:1 f +1 —i
' Jit+ fa < (5.4.14)
n » @+D
Al Il
— n )

94



and

fi+ fof Z:[)Hﬁc‘ 5"“”1
. e (5.4.15)
P
AR
—_ 2 b

Proof. We consider the convex function ¢ : L — R, ¢(f) = [[f|P. The
results (5.4.8) and (5.4.11) are immediate from (5.2.1) and (5.2.2). Clearly,

the function X x [0,1] — R,

n

() = Y _[(1 = )wn(i, J) + twai, )N fi(x)

i=1

is product-measurable. For the rest results, since

1> Xl < DIl
i=1 j=1

and the LP—norms of f; and |f;| are equal (i = 1,--- ,m), it is sufficient to

assume f; >0 (i =1,--- ,m). Now using Fubini’s theorem we get

/01¢w1,w2(t)dt = Zuz/ ||Z (1= t)wn (i) + twnli, )N £ |2t
::ZM//< 1_WWﬁHMwWLUyMﬁ
::ZM//< 1‘WWﬁHMwWLUme
= E;Mi/XLﬁ (iwl(i7j>/\jfj, im(@,j)&ﬁ) da
= Em;ﬂ Ly (Zn;wl(i,j)&fj, iwg(i,j))\jfj>

)
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which yields (5.4.9). In particular, (5.4.12) follows from (5.4.9) by taking
wl(iJ) = ”bij, wz(@i) = NCij, Ai = i = % (i>j =1, ,”)~ If we set bij = 52’]’
and ¢;; = 0int1—; (4,7 = 1,---,n), (5.4.13) follows from (5.4.12). Finally,

(5.4.14) and (5.4.15) are immediate from (5.4.13). O

Remark 5.4.1. Let f, be a sequence in LP(u) (p > 1) converging with the
LP-norm and point-wise to an element f of LP(x). Then, using Fatu’s lemma

and Cesaro’s summability theorem, we have

n

p p p
o I+ Il

<l = (/115

n—oo n
p

[fl7 < lim inf
n—oo

and so by (5.4.13)

G
Jim — STINLELL nemDli = 1£12 (p=1)
=1

Remark 5.4.2. Let (X, A, 1) be a finite measure space and M be the vector

space of all measurable functions on X with pointwise operations [9]. The set

C, consisting of all nonnegative measurable functions on X, is a convex subset
t

of M. Since the function ¢ — 15 (t > 0) is concave, the mapping ¢ : C — R

with

o= [ du (1€0) (5.4.16)

1S concave.
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Application 3. With the above notations, if fi,---, f, belong to M and

¢ is as in (5.4.16), then
> Aie(f) (5.4.17)
j=1
< p(X) =D wll LT Y @@L LY wali DN
=1 =1 j=1

< o> M)
j=1

where the logarithmic mean L is defined as (5.4.16).

In particular

p(f1) +- -+ o(fa) (5.4.18)

1, - -
X)_;Z”L YD T hlfl 1) el fiDh
i=1 j=1 j=1

(=
PNV |
n

o(fi) + -+ e(fn)

n

< __ZHL L+ 1AL 1+ | fari-iDl

<f1 ...+fn)
2 )
n

o(f1) + ¢(fa)
2

p(X) = [IL7 L+ Al L+ [fD

(f1 +f2)
¥ 5 .
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(5.4.20)
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Proof. We can suppose that f; > 0 (1 <1i < m). Clearly, the mapping

n

(2,8) = D [(1 = twn(i, ) + tws(i, )N f5 (@)

j=1

on X x [0,1], is product measurable.

Since ¢ is concave, we have

n

S aelh) < [ un®it < o(3NE). (Ga21)

But, by Fubini’s theorem and applying the change of variables

n

w =Y [(1 =t (i, §) + twa(i, NN f(2),

j=1

we have

¢w1w2

- ' 22l = B (4, J) + twa (i, 7)]A; fi ()
2; /0 x 14 205 [(1 = Dwn (@, ) + twa(i, 5)]A; /()
)

_ / b = twn (i, 5) + twsa(i, 5N f (2
L+ D00 [(1 = ) (i, ) + tws(i, )], f(x)

Z / 1 /Zj_lwz(w)/\ fg(w)( 1 )

= Lbi dudx
Z wa (7, 5) — wi(i, 7)IA f(x) Y w1 (i) (@) I+u

_ Z'u/ 1 In 1"’2] L wali, 5)A; f

' Zg wa(d, ) — wi(i, HIN 1+Z _ywi(i )N

ZMM—XMiV

and after substituting this in (5.4.21), we obtain (5.4.17). The inequalities

dzdt

dtdx

dx

)

M1+ Zwl(i,j)/\jfj, 1+ sz(iaj)%‘fj)
P =1

1

(5.4.18) follow from (5.4.17) by taking wy(i,j) = nb;j, wa(i,j) = ncj, A =
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pi =+ (i,j = 1,---,n). Finally, (5.4.19) and (5.4.20) are special cases of

(5418), takmg bij = 5@' and Cij = 5i,n+1—j (Z,j = 1, 2, ce ,’I’L). U

In the following rest applications, we use (3.1.1) and (3.1.2) for denoting the
arithmetic, geometric and harmonic means of x1,--- ,z,, and 1—xq,--- ,1—x,,
respectively, where z; € (0,1/2] (1 < i < n). Also, we suppose that B =
[bi]nxn and C' = [¢;j]nxn are two double stochastic matrices, and for conve-

nience, put
aij(t) = (1 — )by + tei; 0<t<1l:ij=1--,n).

Application 4. If x; € (0,1/2] (i=1,--- ,n), we have

A’ r " oa(t)(1 =z !
An o H Z]—ln i (1) i) < Gh 0<t<1), (54.22)
Ay s\ g a(t)zy n
and
/ m IO b (1 — ), Y (1 — '
ﬂ < n H (Z]:1 37(1 ;) Ziflc]( ;) < %’ (5.4.23)
Ay pok I3 251 by, D05 cij;) G
where the Identric mean [ is defined as ().
In particular
Al S (=1 =) + (1 — 2y ) G!
n < on <t 5.4.24
An - }:[1 ( (1 — t)iL'Z + t$n+17i - Gn ( )
(0<t<1),
Al z [(1 — T 1— xn+17i) G’
< d <t 5.4.25
An - E ( [(mu anrlfi) - Gn’ ( )
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and

Ay 10 —wl—m) _

A_z o I(z1,29)

Proof. The function ¢(x) = In =2 is convex on (0, 1/2], and has — In[(1—x)

as an antiderivative. we have

¢pc(t) = —Zl (

Gy

_GQ‘

and

7L

(5.4.26)

1—x,.x

]

(5.4.27)

S s
= —_ n n
n e | (e = b

bij)x; (Z” L Cij
J= 7

bl(l — l’j), Z;L 1 Cij(]-

= ln - ﬁ ](27:1 jn n:
1 I35 by, D05 cijxj

— ;)
) .

Now, substituting (5.4.27) and (5.4.28) respectively in (5.2.8) and (5.2.9) and

into taking account that

(x1+~~-+3:n) A,
p|——— | =In—-=, and
n A,

we get (5.4.22) and (5.4.23).

In particular, (5.4.24) and (5.4.25) follows from (5.4.22) and (5.4.23) respec-

tively by takmg bij = 5ij and Cij = 5i,n+1—j (’l,j = 1, ce
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Kronecker delta.
Finally, (5.4.26) is an special case of (5.4.25)

Application 5. If z; € (0,1/2] (1 =1, --

.’n

, taking n = 2.

), then for 0 < ¢ < 1, we have

—: -a (5.4.29)
- 1 1< 1
= o a;1(t Qin (t
nni:l 1_’_(%) 1().._<1;:n> (t)
1 1« 1
- —_ = 1 —
G;l n ; 1 + <1;i>ail(t) o (1xxn)ain(t)
Z 07
and
A A
Lo 5.4.30
a. @, (5:4.30)
- 11— 1
~ Gan i= 1+ <1_90i)1t <1—$n+1—¢>t
X Tn+1—i
11— 1
e 1—
i\ () ()
T4 Tn41—i
> 0.
Also,
A, A
— - 5.4.31
G, G, ( )
, L1 Z”: L(ui, vi) 11 Z": L L)
Gun = \L(1 +u;, 1+ v;) Gl,n 4 L1+ w1+ v;)
> 0,
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where

bi1 bin Ci1
i Ty d v T Tn
(1—:)&1) (1—a:n> (1—3&1) (1—a:n

and the logarithmic mean L is defined as ().

In particular

A Al
n_In 5.4.32
o (5.4.32)
e L () (25 )
> A1 -
Gun“— 1 (_t 1 Gl n & 1 1
=1 1—z;7 1—xpp1-4 =1 1—z;7 1—xpp1-4
> 0,
and
Ay Al
Iz _ 12 5.4.33
G G ( )
> GLL (1217 132) _ i/ 1_ L (13517 122> > 0.
1 1 1 1
2 L (m’ 1—:02) 2 L (1—951’ 1—902)
Proof. The function ¢(z) = i:;f, where g = %, is convex on (—o0, 0], and
since z; € (0,1/2], we have y; = In 7= <0 (i = 1,--- ,n). Thus, if we set
| L exp <Z?:1 a;;(t) In 135]-) —g
opct) = - " -
i=1 1 + exXp <Zj:1 aij (t) In 1*313j>

IN
IA

- a“(t) . am(t)
Lo () ()
e ! (0<t<1),

a; (t) ain(t)
Lo (£—§51> ' <1f—§n>

then by substituting it into (5.2.8) with y; instead of z; (1 < i < n), taking

into account that

, (u) _o, )t eln) L (580

n n
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and dividing each side by G,,, we get (5.4.29).

An antiderivative of ¢ is In(1 + €”) + gIn(1 + "), and so

/1 Z 251 Cijy;
¢po(t)dt = / o(x)dx
0 E 1(cij = bij)y; 2251 bijy;
= —Z lnl—sz—{— lnl—i_v;1
N Inv; — ln U; 14+ g 14+ u;l
1+ V; 1 1+ V;
= — Z In —gl1l— In
n 4 lnvi—lnui 14 u; Inv, —Inu;, 14 u;
B Z L(ug, v;) ] L(u;, v;)
n L1+ u;, 1+ v;) g L(l+u,1+v) /)]’

which by substituting in (5.2.9) with y; instead of x; (1 < i < n), considering

(5.4.34) and dividing each side by G,, we get (5.4.31). In particular, (5.4.30)
and (5.4.32) follow from (5.4.29) and (5.4.31) respectively by taking b;; = 0;;
and ¢;; = 0int1—; (4,7 = 1,---,n). Finally, (5.4.33) is an special case of

(5.4.32) taking n = 2.

0
Application 6. If z; € (0,1/2] (i =1,--- ,n), we have
11 1 1 1
- < = _ m— (5.4.35)
A, A n= | Yty Yo ag () (1 — ;)
1 1
< —= - 0<t<1
- H, H) (O=t=1).
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and

1 1
= 5.4.36
A, A ( )
& 1 1
o | LS by, 2oy i) LT by (1 — ), D00 (1 — )
1 1
< = - I7/ 0
= o,
where L is the logarithmic mean defined as in ().
In particular
1
= _ = 5.4.37
A A ( )
< 1 1
- on (1—t)z; + t:an i (=01 —z) +t(1 = Zpp1)
< — — <t<1
- Hn H;L (0 )
1 1
_— = 4.
A, A (5.4.38)
1< 1 1
< = _
n i=1 L<x1,7xn+1fz> L(l T, 1 Tn+1 z)
1 1
< 5 - T7/ 0
=, H
and
1 _ 11 ! <L L (5439

A_2 A_/2 - L(Il,xg) L(]_—l'l,l—l’g) - H2 Hé
Proof. The function ¢(z) = 1 — = is convex on (0,1/2] and has Inz(1 — )

as an antiderivative. So, for 0 <t < 1, we have

n

¢B,C(t):%2 S ! - <= ! (5.4.40)

i=1 j=1 Qij (t)z; Z] pai(t)(1—z5) |
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and

ZJ)x

/Z?l CijT;
=1 bijz;

o(x)dxr  (5.4.41)

i ci(1 =

;)

T 1 W [ 2= G\
n = | 300 (e — bz \ Doi b

1 — 1

L In Z? !
> ialbyg — i)z \ X5
1

n = | LS by, X cry) L

—23), 2 Ci(1 = 933'))] '

Now, substituting (5.4.40) and (5.4.41) respectively in (5.2.8) and (5.2.9), and

taking into account that

e R o W 1
v n A, A

we get (5.4.35) and (5.4.36). In particular, (5.4.3
(5.4.35) and (5.4.36) respectively by taking b;; =

1,--,n

Application 7

I(2a +b,2b+ a)
I(a,b)

3
a+2b <§< a+ 2b
b+2a) ~a ~ \b+2a

(b+a)(b® —a®)
ab(a + 2b)(b + 2a)

3<

(a+2b)(b+ 2a)
= \/ ab

(a+2b)(b+2a)
ab

b(b+ 2a)
a(a + 2b) —
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0ij and ¢;; =

). Finally, (5.4.39) is an special case of (5.

F;Lv
7) and (5.4.38) follow from
5i,n+1—j (i,j =

4.38) taking n = 2.

L]
(a,b>0), (5.4.42)
(b>a>0), (54.43)

(b>a > 0). (5.4.44)

— ;)

)



Also,

3b—a _ I(2b—a,b) [2b— a
< < b > 4.4
b+a — I(a,b) — a (bza>0) (5.4.45)

3b—a —a
2b —a )\ te b 2b — a a
<2< S B
( b ) _a—( b ) (b>a>0),  (54.46)
A(b —a)? b (b—a)?
= < b>a>0), (5447
b+ a)Bb—a) = a(2b—a) = a(2b—a) (b=a>0), (5.4.47)
and
1_|_L n+1
|-+ 1D)(@n+3) <( 1) o_ntl 2 (5.4.45)

(n+2)(2n+1) = (1+

3=

)T Vnn+2) T V3B

Proof. If we take x; = 2(#@ Ty = 2@% with a,b > 0, we get Ay = 1/4,
_ Nz 1/ (a+20) (b+2a) _ (a+2b)(b+2a)
=3/4, Gy = 2(a+b)’ Gy = 2(a+b) , Hy = (a+b)2’ Hy = T 3(atb)2
I(a+ 2b,b+ 2a) I(a,b)
( €, 3:2) 2(a—|—b) 3 ($17$2) 2(&4—[))7

(o T 2 -0 y 1
l—2,'1—23) (a+2b)(b+2a) Ina—1Inb+In(b+ 2a)—In(a -+ 2b)’

L( 1 1 >: 20 —8) 1

I—21"1— (@4 2b)(b+2a)  In(b+2a) —In(a+ 2b)’

L(a+2b,b+ 2a) L(a,b)
2(a+0) ’ 2(a+0b)’

which by substituting in (5.4.26), (5.4.33), and (5.4.39), and by some calcula-

L(l — T, 1-— .2132) = L(xl,.iEg) =

tions, we get (5.4.42), (5.4.43), and (5.4.44).

Next, if we take z; = g7, and x5 = 1/2 with b > a > 0, we get Ay = “4—2”,
—a \/(2b a) —a
Ay = 4b’G2_\éb_’G/7 H2 a+b’H/_3b a’
I1(2b—a,b I(a,b
I(l—l’l,l—ZEQ):%, ](ZEhl’Q): (2b ),
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(& To ~ 2(b—a) " 1
l—2,'1—2y) 2b—a = In(2b—a)—Ina’

L L 20 1 |
1—21"1— a9 2b—a  In(2b—a) —1Inb
L(2b— a,b) L(a,b)

2b ’ 20

L(1 —21,1 —29) = L(zy,29) =

which by substituting in (5.4.26), (5.4.33), and (5.4.39), and by some calcula-
tions, we get (5.4.45), (5.4.46), and (5.4.47).
Finally, (5.4.48) follows from (5.4.45) by taking ¢ = n and b = n + 1, and

taking into account that (n +1)/4/n(n + 2) is a decreasing sequence. O
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