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This paper contains several interesting results on the Grundy numbers of finite simple graphs. The
Grundy numberΓ(G) of such a graph is the greatest number of colors needed to color the vertices
in a “first-fit” or “on-line” coloring, in which the vertices are colored in some order by the rule
that each vertex in its turn is colored with the smallest positive integer not appearing among its
neighbors that have already been colored.

In Section 2 it is shown that for fixedk it can be decided in no more thanc(k)n(2k) steps whether
or notΓ(G) > k, wheren = n(G) is the order ofG andc(k) depends only onk. This result does
not conflict, of course, with a result of N. Goyal and S. Vishvanathan from 1997, still unpublished
according to the references, that determiningΓ(G) is an NP-hard problem.

In Section 3 a number of results are given on the Grundy numbers of the complements of bipartite
graphs, most notably that ifG is the complement ofH, bipartite, thenΓ(G) = n−m, wheren =
n(G) andm is the edge domination number ofH, meaning the domination number of the line
graph ofH. It follows from results of M. Yannakakis and F. Gavril [SIAM J. Appl. Math.38
(1980), no. 3, 364–372;MR0579424 (83c:68086)] that determining the Grundy numbers of the
complements even of bipartite graphs with maximum degree 3 is an NP-hard problem, which
trumps the result of Goyal and Vishvanathan mentioned above.

In Section 4 some Nordhaus-Gaddum-type inequalities for certain classes of graphs (nearly
regular graphs, forests, bipartite graphs with conditions on the maximum degree) are proved,
leading to the conjecture that for any graph onn vertices, the sum of the Grundy numbers of
the graph and its complement is no greater thann + 2. It is revealed in a note added in proof
that this conjecture has been disproven by Z. Füredi, A. Gýarfás, G. N. Śarközy, and S. Selkow
[“Inequalities for the first-fit chromatic number”, J. Graph Theory, to appear].

In Section 5 the subject of graphs whose Grundy number equals their chromatic number, called
well-colored graphs, is broached, and it is shown that for each non-negative integerr the recog-
nition of graphs whose Grundy number does not exceed their chromatic number by more thanr
is a coNP-complete problem. Recognition of well-colored graphs—the caser = 0—is therefore
coNP-complete.

Reviewed byPeter D. Johnson, Jr.
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