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Normal Forms for FOL

F = x ((Roman(x)  Know(x, Marcus)) 

(Hate(x, Caesar)  y (z (Hate(y, z))  Thinkcrazy(x, y)))).  

• Given: Paulus is a Roman, knows Marcus, and doesn’t hate Caesar, 

• Conclude: Paulus thinks that anyone who hates anyone is crazy. 

• Given: Paulus is a Roman and knows Marcus, and Augustus hates 

Flavius but Paulus doesn’t think Augustus is crazy, 

• Conclude: Paulus hates Caesar. 

• Given: Paulus knows Marcus, doesn’t hate Caesar, and doesn’t think 

that Augustus, who hates Flavius is crazy, 

• Conclude that Paulus is not a Roman. 



Prenex Normal Form

A sentence in first-order logic is in prenex normal form

iff it is of the form:

<quantifier list> <matrix>

where <quantifier list> is a list of quantified variables 

and <matrix> is quantifier-free. 

Examples:

x (y ((P(x)  Q(y))  z (R(x, y, z))) No.

x y z (P(x)  Q(y))  R(x, y, z) Yes

Matrix:     (P(x)  Q(y))  R(x, y, z).



Conversion to Prenex Normal Form

Any sentence can be converted to an equivalent 

sentence in prenex normal form by the following 

procedure:

1. If necessary, rename the variables so that each 

quantifier binds a lexically distinct variable.

2. Move all the quantifiers to the left, without changing 

their relative order.



Normal Forms for FOL

• A literal is:
• a predicate symbol, along with its argument list,

or
• a predicate preceded by a single negation symbol:

P(x, f(y)) Q(x, f(y), 2)   

• A positive literal is a literal with no .  

• A negative literal is a literal with a .  

• A clause is a single literal or the disjunction of two or 
more literals. 



Conjunctive Normal Form

A sentence is in conjunctive normal form iff its matrix is:

• a single clause, or 

• the conjunction of two or more clauses.  



Clause Form

• It has been converted to prenex normal form,

• Its quantifier list contains only universal quantifiers, 

• Its quantifier list is no longer explicitly represented, 

• It is in conjunctive normal form, and

• There are no variable names that appear in more 
than one clause.  

A sentence in first-order logic is in clause form iff:



Clause Form Example

The following sentence is not in clause form: 

x (P(x)  Q(x))  y (S(y))

Converted to prenex normal form:

x y (P(x)  Q(x))  S(y)

Converted to clause form:

(P(x)  Q(x))  S(y)



Skolemization

Clause form makes it possible to extend resolution to FOL.

Conversion to clause form is straightforward, with one 

exception:

Clause form requires that all quantifiers be universal.



Skolemization

Consider: x (y ((Mother-of(y, x))).  

Replace y by a function of x.  We know nothing about 

that function.  (We don’t know, for example, that it is 

computable.)  We know only that it exists.  So we assign 

the function a name that is not already being used, say 

f1.  

Then we have: x ((Mother-of(f1(x), x)).  



Skolemization

If an existentially quantified variable occurs inside the 

scope of n universally quantified variables, replace it by a 

function of n arguments corresponding to those variables. 



Skolemization Examples

x (y (z (Student-data(x, y, z)))) becomes 

x (Student-data(x, f2(x), f3(x)))  

x (y (z (Sum(x, y, z)))) becomes 

x (y (Sum(x, y, f4(x, y))))  

x (Student(x)) becomes 

Student(f5).  



Skolemization Preserves Satisfiability

• x (P(x))  x (P(x)) is valid.

• x (P(x))  P(f1) is satisfiable since it is True if 

P(f1) is True.  

But it is not valid, since it is

False if P is true for some 

value of x that is different

from f1 but False for f1.

The Skolemization of a formula w is satisfiable iff w is.  

But it is not necessarily equivalent to w.

Example:



Clause Form Theorem

Theorem: Given an FOL sentence w, there exists a 

clause form representation w such that w is 

unsatisfiable iff w is.    

Proof: By construction.



converttoclauseform
1. Eliminate  and .

2. Reduce the scope of each  to a single term, using the facts:

• Double negation: (P) = P.

• deMorgan’s laws:

(P  Q)  (P  Q).

(P  Q)  (P  Q).

• Quantifier exchange:

x (P(x))  x (P(x)).

x (P(x))  x (P(x)).

3. Standardize apart the variables. 

4. Move all quantifiers to the left without changing their relative order.  
At this point, the sentence is in prenex normal form.

5. Eliminate existential quantifiers via Skolemization. 

6. Drop the prefix since all remaining quantifiers are universal.

7. Convert the matrix to a conjunction of clauses by using the fact that 
both  and  are associative and the fact that  and  distribute 
over each other. 

8. Standardize apart the variables across clauses.



Standardizing Apart

The formula: x (P(x))  x (Q(x))

is not equivalent to: x (P(x))  Q(x))

Or consider: x (P(x)  R(x))  x(Q(x))

Which would become, after shifting the quantifiers:

x x P(x)  Q(x)



Example

x ((Roman(x)  Know(x, Marcus)) 

(Hate(x, Caesar)



y (z (Hate(y, z)) Thinkcrazy(x, y)))).

Step 1: Eliminate .  This step produces:

x ((Roman(x)  Know(x, Marcus)) 

(Hate(x, Caesar) 



y (z (Hate(y, z))  Thinkcrazy(x, y)))).



Example, Continued

x ((Roman(x)  Know(x, Marcus)) 

(Hate(x, Caesar) 



y (z (Hate(y, z))  Thinkcrazy(x, y)))).

Step 2: Reduce the scope of .  This step produces: 

x (Roman(x)  Know(x, Marcus) 

(Hate(x, Caesar) 



y (z (Hate(y, z))  Thinkcrazy(x, y)))).



Example, Continued

x (Roman(x)  Know(x, Marcus) 

(Hate(x, Caesar) 



y (z (Hate(y, z))  Thinkcrazy(x, y)))).

Steps 3 and 4: Standardize apart and shift the quantifiers 

to the left.  These steps produce:

x y z (Roman(x)  Know(x, Marcus) 

(Hate(x, Caesar) 



Hate(y, z)  Thinkcrazy(x, y))).



Example, Continued

x y z (Roman(x)  Know(x, Marcus) 

(Hate(x, Caesar) 



Hate(y, z)  Thinkcrazy(x, y))).

Steps 5 – 8: These last steps produce:

Roman(x) 

Know(x, Marcus) 

Hate(x, Caesar) 

Hate(y, z) 

Thinkcrazy(x, y).



Another Example

x (Person(x)  (y (Mother-of(y, x))  y (Father-of(y, x))))

Step 1: Eliminate .  This step produces:

x (Person(x)  (y (Mother-of(y, x))  y (Father-of(y, x))))

Step 2: Reduce the scope of .  This step is not necessary.

Step 3: Standardize apart the variables so that each quantifier 

binds a unique variable.  

x (Person(x)  (y1 (Mother-of(y1, x))  y2 (Father-of(y2, x))))



Another Example, Continued
x (Person(x)  (y1 (Mother-of(y1, x))  y2 (Father-of(y2, x))))

Step 4: Move all quantifiers to the left.

x y1 y2 (Person(x)  (Mother-of(y1, x)  Father-of(y2, x)))

Step 5: Eliminate existential quantifiers via Skolemization.

x (Person(x)  (Mother-of(f1(x), x)  Father-of(f2(x), x)))

Step 6: Drop the prefix.

Person(x)  (Mother-of(f1(x), x)  Father-of(f2(x), x))



Another Example, Continued

Person(x)  (Mother-of(f1(x), x)  Father-of(f2(x), x))

Step 7: Convert the matrix to a conjunction of clauses.

(Person(x)  Mother-of(f1(x), x)) 

(Person(x)  Father-of(f2(x), x))

Step 8: Standardize apart the variables.

(Person(x1)  Mother-of(f1(x1), x1)) 

(Person(x2)  Father-of(f2(x2), x2))



Using the Marcus Facts

Roman(x) 

Know(x, Marcus) 

Hate(x, Caesar) 

Hate(y, z) 

Thinkcrazy(x, y)

Know(Paulus, Marcus)

Hate(Paulus, Caesar)

Hate(Augustus, Flavius)

Thinkcrazy(Paulus, Augustus)

Prove: Roman(Paulus)



Complementary Literals

In Boolean logic, it is easy to identify complementary 

literals such as P and P.

But in FOL, what should we do about:

x,y (hate(x, y))

hate(Marcus, Caesar)

hate(Marcus, Caesar)

hate(Paulus, Caesar)

x,y (P(x, x))

P(Marcus, Caesar)



Complementary Literals

• one of them is positive, 

• one of them is negative (i.e., begins with ), 

• they both contain the same predicate, and 

• they are about intersecting sets of individuals.  

Two literals are complementary iff they are inconsistent.  

Two literals are inconsistent iff: 



Complementary Literals

• P(x) and P(y) are complementary.  

•

• P(x) and P(Marcus) are complementary since P cannot 
be true of everyone but not true of Marcus. 

•

• P(Caesar) and P(Marcus) are not complementary since 
P can be true of Caesar but not of Marcus. 

•

• P(f(Marcus)) and P(f(Marcus)) are complementary. 

• P(f(Marcus)) and P(f(Caesar)) are not. 



Unification

Consider: Roman(x)   Greek(x)

Greek(Marcus)

Roman(Marcus)

Consider Know(x, x) 

Know(Marcus, Caesar).  

So unification must compute substitutions and apply them 

as it goes along. 

So unification must either succeed or fail. And, if it 

succeeds, it must return a substitution, in this case,

Marcus/x



Unification

Consider: P(x, g(y, x),           Flavius)

P(Marcus, g(Augustus, Marcus), y)

Unification will proceed by walking through each argument 

list, calling itself recursively as necessary, and applying 

substitutions as they are found.



Unification

The input to the unifier is a pair of positive literals.

The output will be one of:

• the special value Fail, or 

• a list of substitutions.  

We will write each list as (subst1, subst2, …).  

We will write each substitution as sub1/sub2.  

If unification succeeds without performing any 

substitutions, the substitution list will be nil (the empty list).  



The Unification Algorithm

unify-for-resolution(lit1, lit2) =   

If either lit1 or lit2 is a variable or a constant then case:

lit1 and lit2 are identical: return nil.                       /* Succeed with no substitution.

lit1 is a variable that occurs in lit2: return Fail.     /* These two cases implement the 

lit2 is a variable that occurs in lit1: return Fail. occur check. 

lit1 is a variable: return (lit2/lit1).

lit2 is a variable: return (lit1/lit2).

otherwise: return Fail.    /* No match.

If the initial predicate or function symbols of lit1 and lit2 are not the same, return Fail.

If lit1 and lit2 do not have the same number of arguments, return Fail.

substitution-list = nil.

For i = 1 to the number of arguments of lit1 do

Let S be the result of unify-for-resolution on the ith argument of lit1 and of lit2.

If S contains Fail, return Fail.

If S is not equal to nil then:

Apply S to the remainder of both lit1 and lit2.

Append S to substitution-list.

Return substitution-list.



The Occur Check

Suppose we are trying to unify: P(x,       x)

P(g(x), g(x))

What happens if we skip the occur check? 

x and g(x) unify and yield the substitution g(x)/x.

Now we must apply that substitution :

g(x) g(g(x)) 

g(g(x)) g(g(g(x)))

But if we’d standardized apart the variables before we started, 

this wouldn’t have been a problem.



The Occur Check is Necessary 

Even with Standardizing Apart

Suppose we are trying to unify: P(x,   f(x), x)

P(f(a), a,  a)

x and f(a) unify and yield the substitution f(a)/x.  Applying it:

f(f(a)), f(a)

a,      a

Without the occur check,  f(f(a)) and a will unify, yielding the 

substitution f(f(a))/a.  To apply it, we must replace all a’s in the 

remaining terms.  But that process never terminates.



Most General Unifiers (MGUs)

Suppose we are trying to prove x,y (A(x, y)  B(x, y))

Using the fact z (A(John, z))

Unifying A(x, y) with A(John, z) yields John/x, z/y.  Applying it:

z (B(John, z))

But we could also have matched with the substitution John/x, 

John/y, and been left trying to prove B(John, John), which 

would be harder.

The algorithm we have presented always returns the most 

general unifier.  The MGU is unique up to variable name 

substitution.



Unification Examples

Inputs

[1] Roman(x), 

Roman(Paulus)

[2] Roman(x), 

Ancient(Paulus)

[3] Roman(father-of(Marcus)),

Roman(x)

[4] Roman(father-of(Marcus)),

Roman(Flavius),

[5] Roman(x), 

Roman(y), 

[6] Roman(father-of(x)),

Roman(x)

[7] Likes(x, y),

Likes(Flavius, Marcus)

Result

Succeed 

Fail

Succeed

Fail

Succeed

Fail (fails 

occur check)

Succeed

Substitution

Paulus/x

father-of(Marcus)/x

x/y

Flavius/x, Marcus/y



FOL Resolution – An Example

Prove: Mortal(Marcus) given:

x (Man(x)  Mortal(x)) Man(x)  Mortal(x)

Man(Marcus) Man(Marcus)

Add: Mortal(Marcus)

Man(x)  Mortal(x) Mortal(Marcus)

Marcus/x

Man(Marcus)  Man(Marcus)

nil



FOL Resolution – the Algorithm
resolve-FOL(A, ST) =

Construct L, the list of clauses from A.

Rename all variables in ST so that they do not conflict with variables in L.

Negate ST, convert the result to clause form, and add those clauses to L.

Until either nil is generated or no progress is being made do:

Choose from L two clauses that contain a pair CL of complementary 

literals.  

Resolve the parent clauses together to produce a resolvent:

Initially, let the resolvent be the disjunction of all of the literals in 

both parent clauses  except for the two literals in CL.

Apply to all of the literals in the resolvent the substitution that 

was constructed when the literals in CL were unified.

Rename all of the variables in the resolvent so that they do not 

conflict with any of the  variables in L.

If the resolvent is not nil and is not already in L, add it to L.

If nil was generated, return success.  ST must be true.

If nil was not generated and there was nothing left to do, return failure.  ST

may or may not be true.  But no proof of ST has been found.



Back to Marcus’s Friends

(FC) Roman(x)  Know(x, Marcus)  Hate(x, Caesar) 

Hate(y, z)  Thinkcrazy(x, y).

Hate(Cornelius, Caesar).

Hate(Augustus, Flavius).

Thinkcrazy(Cornelius, Augustus).

Roman(Cornelius).

We will use resolution to prove: x (Know(x, Marcus)).

We negate x (Knows(x, Marcus)), producing:

(x (Know(x, Marcus))) or x (Know(x, Marcus)).  

Converting this to clause form (and standardizing apart the 

variables), we get:

Know(x1, Marcus).



Marcus’s Friends, Continued

Know(x1, Marcus) (FC) 

x1/x

Hate(Cornelius, Caesar)     

Roman(x2)  Hate(x2, Caesar)  Hate(y2, z2)  Thinkcrazy(x2, y2)

Cornelius/x2

Roman(Cornelius)  Hate(y3, z3)  Thinkcrazy(Cornelius, y3)

Roman(Cornelius)

Thinkcrazy(Cornelius, Augustus) Hate(y4, z4)  Thinkcrazy(Cornelius, y4)

Augustus/y4

Hate(Augustus, z5) Hate(Augustus, Flavius)

Flavius/z5

nil



Heuristics to Aid the Resolution 

Procedure
• Only resolve pairs of clauses containing complementary 

literals. 

P(x)     Q(x) 

• Eliminate certain clauses as soon as they are 

generated:

•Tautologies

•Clauses that are subsumed by other clauses.

• Set of support strategy: Whenever possible resolve with 

a clause that is part of the statement to be proved.

• Unit preference strategy: Whenever possible, resolve 

with clauses that have a single literal.


